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Design for Performance Enhancement in Feedback Control Systems
with Multiple Saturating Nonlinearities

by
Petros Kapasouris

Submitted to the Department of Electrical Engineering and Computer Science on February
1, 1987 in partial fulfillment of the requirements for the degree of Doctor of Philosophy.

ABSTRACT

In this thesis a systematic control design methodology is introduced for multi-input/multi-
output systems with multiple saturations. The methodology can be applied to stable and
unstable open loop plants with magnitude and/or rate control saturations and to systems in
which state limitations are desired. This new methodology is a substantial improvement over
previous heuristic single-input/single-output approaches.

The idea is to introduce a supervisor loop so that when the references and/or disturbances
are sufficiently small, the control system operates linearly as designed. For signals large
enough to cause saturations, the control law is modified in such a way to ensure stability and to
preserve, to the extent possible, the behavior of the linear control design.

Key benefits of this methodology are: the modified compensator never produces
saturating control signals, integrators and/or slow dynamics in the compensator never windup,
the directional properties of the controls are maintained, and the closed loop system has certain
guaranteed stability properties.

The advantages of the new design methodology are illustrated by numerous simulations,
including the multivariable longitudinal control of modified models of the F-8 (stable) and F-16
(unstable) aircraft.

Furthermore new stability results and new performance criteria are introduced which
characterize how saturations can affect negatively the performance of the feedback system.

Thesis Supervisor: Dr. Michael Athans
Title: Professor of Systems Science and Engineering.
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CHAPTER 1
INTRODUCTION

1.1 Overview

1.1.1 Problem Definition

Almost every physical system has maximum and minimum limits or saturations on its
control signals. These limits may be on the magnitude and/or the rate of the controls. In
addition, certain states of the plant should not exceed predefined limits for safety
considerations.

A common standard in designing a control system is to linearize the plant, ignore the
bounds on the controls and/or the specified limits on the states, and then design the controller
for the resulting linear time-invariant plant. At the end, engineering intuition and extensive
simulations are used, and the linear controller is adjusted and modified to cope with stability
and performance problems due to saturations. In this research, the linear design methodology
is retained, but the control saturations and any desired limits on the states are explicitly included
in the design process.

When a control system is designed for a linear plant and then control saturations are
introduced, the closed loop system loses some of the key properties that the linear closed loop
system had. The two most serious problems that occur with the introduction of multiple
saturations to the otherwise linear closed loop system are those of szability and performance
degradation.

Often closed loop stability is not preserved in the presence of one or more saturations.

For example, it is well known that global closed loop stability cannot be achieved for unstable
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plants with saturating actuators. The introduction of saturation nonlinearities in the closed loop
system causes the reference and disturbance inputs to impact the global stability of the system.
In the linear case, stability is independent of the size of exogenous inputs. In a system with
saturations, large reference and/or disturbance signals can cause instabilities. Thus, given a
plant and a compensator, the designer should be concerned with the size and directions of
disturbances and references so that the closed loop system will remain stable in the presence of
these exogenous signals.

For multivariable systems, a different major problem that arises (because of saturations)
is the fact that control saturations alter the direction of the control vector. For example, let us
assume that there are m control signals with m saturation elements. Each saturation element
operates on its input signal independently of the other saturation elements; as we shall show in
the analysis chapter, this can disturb the direction of the applied control vector. Consequently,
erroneous controls can occur, causing degradation with the performance of the closed loop
system over and above the expected fact that output transients will be "slower".

Another performance degradation occurs when a linear compensator with integrators is
used in a closed loop system and the phenomenon of reset-windup appears. During the time of
saturation of the actuators, the error is continuously integrated even though the controls are not
what they should be. The integrator, and other slow compensator states, attain values that lead
to larger controls than the saturation limits. This leads to the phenomenon known as reset-
windup, resulting in serious deterioration of the performance (large overshoots and large
settling times.) Many attempts have been made to address this problem for SISO systems, but a
general design process has not been formalized. No research has been found in the literature
that addresses and solves the reset-windup problem for MIMO systems. In practice, the
saturations are ignored in the first stage of the control design process, and then the final
controller is designed using ad-hoc modifications and extensive simulations.

A common classical remedy was to reduce the bandwidth of the control system so that
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control saturation seldom occurred. Thus, even for small commands and disturbances, one
intentionally degraded the possible performance of the system (longer settling times etc.).
Although reduction in closed-loop bandwidth by reduction in the loop gain is an "easy" design
tool, it clearly is not necessarily the best that could be done. Hence, a new design methodology
is desirable which will generate transients consistent with the actuation levels available, but

which maintains the rapid speed of response for small exogenous signals (reference commands

and disturbances).

The main question is then: what effects do saturating actuators introduce to the closed

loop system, and how can one design controllers such that the problems that they introduce are
solved to the extent possible.

1.1.2 Contributions of Thesi

As explained in the previous section, input saturations are common to most physical
systems and their effects are not small enough to neglect. This research brings new advances in
the theory concerning the analysis and a new methodology for the design of control systems
with multiple saturations.

In the analysis part, with a new stability result one can specify the sizes of the
exogenous disturbances and/or references so that in the presence of those exogenous signals
the closed loop system remains stable. All the current stability results give bounds on the
control signals to maintain stability. The designer, does not have any direct access to the
control signals but has knowledge of the disturbances and can define entirely the reference
signals. This is why our stability result is relevant in design.

In the analysis part it is also shown how saturations can degrade the performance of the

system. As was discussed in the previous section, in addition to integrator windups in MIMO
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systems, the direction of the control signals is very important. Saturations can alter the
direction of the control signals and thus effect the performance negatively. In the analysis part
the performance of the nonlinear system is examined and new performance criteria are
introduced.

In the design part, a systematic methodology is introduced to design control
systems with multiple saturations. The idea is to design a linear control system ignoring the
saturations and when necessary to modify that linear control law. When the exogenous signals
are small, and they do not cause saturations, the system operates linearly as designed. When
the signals are large enough to cause saturations, the control law is then modified in such a way
to preserve ("mimic") to the extent possible the responses of the linear design. Our
modification to the linear compensator is introduced at the error (Error Governor) and/or the
reference signals (Reference Govemor).

The methodology can be applied to stable and unstable open loop plants with magnitude
and/or rate control saturations and to systems in which state limitations are desired. The main
benefits of the methodology are that it leads to controllers with the following properties:

(a) The signals that the modified compensator produces never cause saturation. The
nonlinear response mimics the shape of the linear one with the difference that its speed
of response may be, as expected, slower. Thus the output of the compensator (the
controls) are not altered by the saturations.

(b) Possible integrators or slow dynamics in the compensator never windup. That is
true because the signals produced by the modified compensator never exceed the limits
of the saturations.

(c) For closed loop systems with stable plants finite gain stability is guaranteed for
any reference and/or disturbance. For closed loop systems with unstable plants BIBO
stability is guaranteed for any reference. A set of disturbances is given such that any

disturbance from that set will not violate the BIBO stability of the closed loop system.
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(d) The on-line computation required to implement the control system is minimal

and realizable in most of today's microprocessors.

The main disadvantage of our new design methodology is due to its severe off-line
computational requirements. Effectively, one must conduct and store a high-dimensional
surface whose dimension is that of either the dynamic compensator for stable plants or of the
compensator and the plant for unstable plants. The algorithms are straight-forward, but they
can demand a significant amount of CPU time (off-line) for high-dimensional applications.

Another shortcoming for unstable plants is that the state variables of the plant are needed

in real time for the implementation of the logic.

1.2 Previous Research and Related Literature

1.2.1 Analysis of Control Systems with Multiple Saturations

In recent years complete linear multivariable analysis and design methodologies for
feedback control has been developed. Such methodologies are the LQR, LQG, LQG/LTR, H,
[1]-[5] and the H,, [6]. These methodologies, especially the LQG/LTR, have been applied to
many specific examples in process control, aerospace systems and elsewhere. The designs
were successful as far as the performance of the linear closed loop system was concerned [7]-
[10]. However, major problem that one can observe in many of those linear designs is the size
of the controls and the potential saturation problem. From the research indicated above, one can
conclude that having saturations in the linear control system can be a problem of great

importance to control engineers.

As far as the theory is concerned, a great amount of work has been done on the stability
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of SISO systems with sector nonlinearities. If the saturation is considered as a sector
nonlinearity, there are stability criteria as the Popov and Circle criteria [11]-[14] that can be
exploited. An extension for MIMO systems is the Multiloop circle criterion [15]. Of course,
Lyapunov stability theory is always applicable [16] and [17]. The problem with most of these
stability criteria is that they give bounds on specific signals in the control system, but it is not
known what kind of commands or disturbances will cause those signals to exceed the bounds.

Hence, they cannot be used directly to influence the design methodology.

1.2.2 Design of Control ems with Multipl i

One way to design controllers for systems with bounded controls, would be to solve an
optimal control problem,; for example, the time optimal control problem or the minimum energy
problem etc. The solution to such problems usually leads to a bang-bang feedback controller
[18]. Even though the problem has been solved completely in principle, the solution to even the
simplest systems requires good modelling, is difficult to calculate open loop solutions, or the
resulting switching surfaces are complicated to work with. For these reasons, in most
applications the optimal control solution is not used.

Because of the problems with optimal control results, other design techniques have been
attempted. Most of them are based on solving the Lyapunov equation and getting a feedback
which will guarantee global stability when possible or local stability otherwise [19]-[22]. The
problem with these techniques is that the solutions tend to be unnecessarily conservative and
consequently the performance of the closed loop system may suffer. For example, when global
stability is guaranteed, it is often required that the final open loop system is strictly positive-real
with all the limitations that such systems possess.

Attempts to solve the reset windup problems when integrators are present in the forward

loop, have been made for SISO systems [23]-[28]. Most of these attempts lead to controllers

: .
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with substantially improved performance but not well understood stability properties. As part
of this research, an initial investigation was made on the effects on performance of the reset
windups for MIMO systems [29] showing potential for improving the performance of the
system. A simple case study was also recently conducted on the effects of saturations to MIMO
systems where potential for improvement in the performance was demonstrated [30].

There also exists a theory for general nonlinear control systems [31]-[34] which either
does not include hard nonlinearities such as saturations or the theory is general and, perhaps,
too conservative to use in practice.

One can see that many engineers have tried to solve the problems that saturation
introduces in many different ways, and that there are many bits and pieces of results that can be
very useful. The bottom line is that there does not exist a systematic methodology for
designing MIMO control systems for systems with multiple saturations and engineers still use

ad-hoc methods to resolve the problems that saturations introduce.

1.3 Organization of Thesis

In addition to the introductory chapter this thesis is organized in 7 chapters (chapter 2 to
chapter 8). Chapter 2 contains the analysis of systems with saturations, which includes stability
and performance analysis. Chapter 3 is the introduction to the design methodology with
mathematical preliminaries and all the tools that are needed for the design methodology.
Chapter 4 introduces the design methodology for control systems with stable plants including
the control structure, the properties of the control system and some numerical examples.
Chapter 5 introduces the control design for systems with unstable plants, including the control
structure, the properties of the new control system and a numerical example. In Chapter 6 the
new design methodology is compared with some ad-hoc extensions of SISO antiwindup

techniques to MIMO systems. Chapter 7 discusses the case where rate and/or magnitude
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saturation are present and the case where state limitations are introduced. Finally, chapter 8

contains concluding remarks and directions for future research in this area.



Chapter 2 Page 25

CHAPTER 2
ANALYSIS

2.1 Introduction

This chapter contains the analysis of control systems with multiple magnitude saturations
at the control signals. It involves the analysis of the stability and performance of such systems.

In the stability part, one of the existing methods, the multiloop circle criterion, will be
described and its usefulness and its limitations will be analyzed. Then a new stability result will
be developed that yields bounds on the exogenous signals, i.e. references and disturbances,
such that the closed loop system remains BIBO stable when signals within those bounds are
applied.

In the performance part, an analysis will be given on why and how the multiple
saturations affect the direction of the control vector and consequently, the performance of the
control system. Then performance objectives will be defined for the nonlinear system. The goal
is to "mimic", to the extent possible, the responses of the control system without the
saturations (linear system) even when the saturations are present.

Without loss of generality one can assume that each element u;(t) of the control vector
u®)=[{u@®... up(t)]T has saturation limits 1 and the saturation operator can be defined as

follows:

1 u®21
satu(p) ={ H® -1<y®=<I (2.1)

-1 u(t) <-1
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Figure 2.1 shows the closed loop system with the saturation element at the controls. The )
compensator K(s) is designed using linear control system techniques and it is assumed that the

closed loop system without the saturations (the linear system) is stable with "good" properties.

d. () d, (1
(ty + e u(t) u (1) % + + y(®
reference error K@) control sat + G + oquutb
- Compensator Saturation Plant

Figure 2.1: The closed loop system
The analysis results will be introduced for square systems, i.e. v(t), u(t), y(t) e R™. Similar
results can be proven for nonsquare systems by following the same techniques as the ones that

will be described in this chapter.

2.2 Stability

2.2.1 Saturation as Sector Nonlinearity

Since the system of concemn (shown in figure 2.1) has a linear part (G(s)K(s)) and a

nonlinear part (saturations) one can take ad\}antagc of the special structure and use available
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stability criteria such as the circle and multiloop criteria. The circle criterion can be used for
SISO systems if the saturation is to be taken as a sector nonlinearity. Similarly, the multiloop

criteria can be used for multiple saturations.

A continuous function f: R—>R with f(0) = 0 is said to belong to the sector [a,b], a<b

if

as—I<b Vx#0 (2.2)

Consider the saturation in one of the channels of the controls u;(t). The sector that
contains the saturation is defined by the slopes [1,0]. Many times it is difficult or impossible to
prove global stability by using the whole sector. In such a case, local stability can be proven if

the sector nonlinearity belongs in a smaller sector [1,a] where a > 0.

Figure 2.2: Saturation element as a sector nonlinearity in a (1,1/p;) sector.
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If one assumes that the controls to the plant are always less than p; (lu;(t)] < p;), then one
can say that the saturation belongs in a sector [1,1/p;]. Figure 2.2 shows part of the saturation
inside the sector [1,1/p;]. The problem then becomes how to find what kind of references and

disturbances will force the controls to remain bounded ( ly;(t)l < p; ).

2.2.2 Existing Stability Theory

There exists an extensive theory on the stability of nonlinear systems, e.g. the Lyapunov
stability theory [16],[17]. Most of the theory can be applied to general nonlinear systems and it
is too conservative for the saturation case. For sector nonlinearities some more specific stability
criteria as the Popov, the circle and the multiloop circle criteria are applicable. Here only the
multiloop criterion will be stated, the proof is given in [15]. The Popov and circle criteria give
results similar in nature to those obtained via the multiloop circle criterion.

In the multiloop circle criterion each sector for each of the saturations is defined by a
center and a radius. More specifically, assume that the closed loop system is defined by a linear
system T(s) (i.e. K(s)G(s)) connected with a nonlinearity f(+) as shown in figure 2.3. For this
research the nonlinearity f(¢) will be a diagonal matrix with saturations f;(u;(t)) corresponding

to each control uy(t). Each saturation belongs to a sector as in figure 2.2 with the following

center C; and radius R;.
Ci+Ri=1 + -g- (2.3)



Chapter 2 Page 29

1
R=1_¢
C-R, P 3 (2.4)

where €>0, and € can be arbitrarily small.

—» T(s) = K(s)G(s)

ug(t) u(t)

f(e) [¢——

Figure 2.3: Closed loop system for stability analysis.

The multiloop circle criterion states that the closed loop system is extended L, stable if :
1. The closed loop system is stable if the nonlinearities are replaced by their centers C;

2. The following is true for all frequencies.

O RT(o)[I+CT(jo)'1<1l Vo (2.5)

where C and R are matrices with diagonal elements C; and R; respectively.

If C;=1 and R; = 0 then condition 2 of the multiloop circle criterion is the same as
condition 1 which corresponds to having a linear gain of I rather than a sector nonlinearity. The
sector with C; = 1/2 and R; = 1/2 will include the whole saturation element and if the conditions

of the criterion are met then the closed loop system will be extended L, stable. If global
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stability cannot be proven then a smaller sector has to be chosen (i.e. [1,1/p;] where p; < o0)
and p; has to be small enough (it is known that one exists, p; = 1) so that the conditions of the
criterion are met. Thus, the multiloop circle criterion can be used to define p, for L, stability.
Effectively by defining the p;, the bounds in the controls for each channel are defined.

Even though control bounds p; can be defined by using the multiloop circle criterion, one
does not know what kind of exogenous signals (references and disturbances) will violate these
control bounds. As was previously stated, the objective is to define exogenous signals to

insure that the bounds in the controls are not violated.

2.2.3 New Stability Resul

The objective here is to find the relationship between bounds in the references and
disturbances and bounds in the controls. Assume that the relationship of the controls and the

saturated controls is given by the following

N0 £, (u, ()

u®=| - |=sat)=f@@)={ ------ 2.6)
Ugnl®) £ (u ©)

For analysis purposes, once all the p;'s are fixed, one can replace each saturation element
f;(u;(t)) by a linear gain C;(p;) and an additive signal u’,(t). Then, each saturated control is
given by

u5i(H) = Ci(ppu(t) + u'i(V) (2.7

Define the matrix C(p) and the vector u'(t) as follows:
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u',(®
c) 0
@0 e YOT @8)
NG
Then, in compact form
u(t) = C(p)u()) + u'( (2.9)

The substitution given in eq. (2.9) is not a linearization; it is an exact modelling, where
the signal u'(t) captures the difference between the ug(t) and the output of the linear gain
C,(p). Notice in the substitution given in eq. (2.9) the u'(t) signals depend on the choice of
C(p). Figure 2.4 shows the closed loop system with the substitution of eq. (2.9).

saturation model
! u()
I + :
r(t) + et ) ! v u () y(©)
® Q K(s) —L()—> C(p) e G(s) >
reference error control : + 1 output
- compensator . linear gain : plant

Figure 2.4: The closed loop system with the saturation modeled

as a linear gain and an additive signal

If Ju;(t)] < p; V4, i, then each saturation is a sector nonlinearity in the [1/p; ,1] sector.With
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the linear gain C(p), instead of the saturation, the closed loop system becomes linear and thus

easier to analyze. C(p) can be chosen to be any linear gain with elements C;(p) in the sector

[1/p;,1]. Under this model each u'(t) is an L, signal with the following bound.

1
(Ol <max IC@-1l, —<CE)SL, p2l (2.10)

pl 1

The problem now is to ensure that ju;(t)] < p; Vt, i. From the following theorem one can
get L, bounds for the references r(t) such that, when the references belong to the specified

subset of L., space, the closed loop system shown in figure 2.1 is BIBO stable.

Theorem 2.1:
With zero initial conditions the closed loop system shown in figure 2.1 with d,(t) = 0 and
d,(t) = 0 will have a bounded output for references that satisfy the following condition for

some C(p) and p;'s.
L) VY| PR th, W lir, I, g, lly ... g, Il ' | P,

............. B T e ] oo ] @A
i ..... T A NS T g i [t _u_| |p,

where
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11(s) ..... hlm (s)
H(E)=| -«-c0vevveene =[ I+K(s)G(s)C(p)]'1K(s) (2.12)
h @®..... h _(s)
q,6)..... q,., (s
Q@E)=f ~rrrerreeees = [+KS)GECE)] KE)G(s) (2.13)
q,,6)..... q. )
Ilhijll1 = J- lhij(t)l dt Ilqijll1 = J Iqij(t)l dt (2.14)
0 0

where hij(t) and qij(t) are the impulse responses of hij(s) and qij(s) respectively, and

il = sup Ir,(t)! (2.15)
t

Proof:

By using the saturation model given in eq. (2.7) one can compute the control u(t) by

u, (1) =l =1

u(t) = N o N R (2.16)
| u_ () t t
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By using the triangle inequality one can bound the controls u; as shown in egs. (2.17)-
(2.21).

m t m t
Iui(t)ISIz [Ihij(t-t) r(nde]l + IZ [Iqij(t-'t) u'(r)dc]l (2.17)
=t oo =0

hu,(0)! Ihij(t-t)l Irj(‘c)l dt + J.lq (t-T) Iu' ('t)l dt (2.18)
=1

i=

et s
([
—

l/\
%
Oty

2

t
Iui(t)l<z jh (t-T)l lIr, ('c)ll dt + 2 qu (t-)i ' (‘l:)ll de (2.19)
0

j=1 j=1
IIui(t)IIM < Z jlhij(‘t)l dt ||rj(t)||” + z Ilqij(T)l dt ||u'j(t)l|~ (2.20)
=1 ¢ =1 ¢
Ilui(t)llw < z "hij"1 Ilrjll” + z Ilqijll1 IIu'jII“ (2.21)
j=1 j=1

In order for the control to belong in a sector it is required that the controls are bounded.

@i, ] [p,
..... <l .. (2.22)

e _(ON, P,

m m
I, @)l < z:‘ U, el + ) g, i, o'l < p, (2.23)
= =



Chapter 2 Page 35

M, . .... LN A N T U g, I T[] T o,

(L TP . VO I T T P I I I

m

One can use this result to define a control limit p and a bound on the references [Jr(t)]loo
such that for every r(t) within the predefined bounds the controls will never exceed the limit p
and thus the closed loop system will be BIBO stable. In theorem 2.1 there are many different
combinations of [jr;(t)[l.. that can satisfy the inequality (2.11). In a specific design the control

engineer should evaluate the references and choose the best [|r;(t)]|co-

Corollary 2.1:

With zero initial conditions the controls in the closed loop system shown in figure 2.1
will never saturate (lu;(t)! < 1 Vi, t) if the reference r(t) is such that

0, .. ... thy ][ e 1

1

(2.25)

h . ..... ith_ 1l Il 1
mm m oo

1
where lIhll; are defined as in theorem 2.1 with C(p) =1
Proof:

The proof of this corollary it follows from theorem 2.1 when p; = 1, Vi. In such a case

u'j(t) = 0, Vi and then the corollary 2.1 follows from theorem 2.1.
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nm

The result of corollary 2.1 is not conservative, because if

m
z:‘ Whyli, Il =1 for some, (2.26)
J:

then there exists a reference signal r(t) that if applied will lead to a control uy(t) = 1. To be more

specific consider the following reference signal
r=[r®-.--...: (DT where  r(t) = sign(h(1), Vj 2.27)

By using the reference specified in eq. (2.27) the following is true.

m
ut) = z Wb Hell =1
=1 (2.28)

Now that the simple problem with the references being the only exogenous signal has
been solved, let us try to find out what happens when input and output disturbances are
present. Assume that input disturbances di(t) and output disturbances d,(t) are entering the

system as shown in the following equations (see also figure 2.1)

u,(t) = f(u(t)) + di(t) (2.29)
¥(®) = G(s)ug(t) + dy(t) (2.30)

Then the following corollary incorporating the input and output disturbances can be proven.
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Corollary 2.2:
With zero initial conditions, the closed loop system shown in figure 2.1 will remain

BIBO stable for references and disturbances that satisfy the following condition for some C(p)

and p;'s.
I, 1 Wy e I gy gy ] e I I P,
............... I A P e (2.31)
lh, Wb e I llg G Tig I’ ll_+id_ 1, P,

where h;; and q;; are defined as in theorem 2.1, and d,;; and d;; are the components of the

output disturbance vector d(t) and input disturbance vector di(t), respectively.

Proof:
The proof of corollary 2.2 follows from theorem 2.1. It should be pointed out that the
input disturbances enter the loop at the controls, which is the same point where the u'(t)
signals enter the loop. Similarly, the output disturbances enter the loop at the same point as the
 references. Thus it is clear why the proof of this corollary follows from theorem 2.1.

mn

- From corollary 2.2 one can see that for BIBO stability there is a tradeoff between the
disturbances dy(t), d,(t) that can be rejected and the references r(t) that can be followed. For
example, in eq. (2.30) the lir;(D)ll, and lld;(t)!l, enter the equation in a similar manner and the

1

only constraint that one can obtain is upon lIr;(t)ll, + lld;(DIL...
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From the theorem and the corollaries given in this section one can define L., bounds for
the references and/or disturbances so that the output of the system remains bounded in the
presence of exogenous signals that belong in the set defined by the Leo bounds. The results of
this section will be used in chapter 5 for the stability analysis of the new design methodology
which is presented there.

2.3 Performance

The purpose of this section is to analyze the performance problems in a system with
saturations and to define performance objectives.

There are well developed methods for defining performance criteria and for designing
linear closed loop systems which meet the performance requirements. It would then be
desirable, whenever the closed loop system operates in the linear region, to meet the a priori
performance constraints (because it easy to define them and easy to design control systems
satisfying these constraints). When the system operates in the nonlinear region new
performance criteria have to be defined and new ways of achieving the desired performance
must be developed.

There are two major problems that multiple saturations can introduce to the performance
of the system: (a) the reset windup problem, and (b) the fact that multiple saturations change
the direction of the controls.

When the linear compensator contains integrators and/or slow dynamics reset windups
can occur. Whenever the controls are saturated the error is continuously integrated and this can
lead to large overshoots in the response of the system. It is obvious that if the states of the
compensator were such that the controls would never saturate, then reset windups would never

appear. See references [26] and [27] for additional discussion of the reset windup problem.
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Almost every current design methodology for linear systems inverts the plant and
replaces the open loop system with a desired design loop. The inversion is done through the
controls with signals at specific frequencies and directions. The saturations alter the direction
and frequency of the control signal and thus interfere with the inversion process. The main
problem is that although both the compensator and the plant are multivariable highly coupled
systems, the saturations operate as SISO systems. Each saturation operates on its input signal
independently from the other saturation elements.

To see exactly what happens assume as an example that in a two input system the control
signal at some time tyisu'y=[3 1.1]T the saturated signal willbeu' =[1 1 ]T. Notice
that the direction of the u'; signal at time t; is altered. In fact, any input control signal
u=[u; u,]T will be transformed through the saturationtoug=[1 1]Tifu;>1and
uy 2 1. Figure 2.5 shows an illustration of four different control directions u'y, u',, u"4, u",

which are mapped at only two directions u' and u".

Figure 2.5: Examples of control directions at the input of the saturation

u'y, u'y, u"y, u", and at the output of the saturation u', u".
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Since the saturations can alter the direction of the control signals, and in effect disturb the
compensator/plant inversion process, the logical question to ask is, under what conditions the
linearly designed compensator that inverts (or partially inverts) the linear plant also inverts the
plant when the saturations are present. To understand the issues let us consider an algebraic

system.

2.3.1 The Algebraic System Example

Consider the algebraic system in figure 2.6. Both K and G are real matrices with
K=G".The problem is how to find the K matrices that inverts the matrix G with the

saturation element sat(u). The elements of figure 2.6 are defined as follows

G : u,eR™ - ye R™, assume G™! exists (2.32)
K: eeR® — yeR™ (2.33)
where ug, y, €, u are vectors with ug, y;, €;, u, as their i™ component respectively.
1 when u, > 1
2.34

u, =satw)={ % when lu <1 (2.34)

-1 when u <-1
e u Us y

—» K |—» sat —» G |—»

Figure 2.6: The algebraic system
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The output y in figure 2.6 is given by the following

y = Gsat(Ke) (2.35)
G'ly = sat(Ke) (2.36)
Gly =sat( G'le) (2.37)

For the matrix K = G™ to invert G in the system shown in figure 2.6, one can choose a

scaling A for every input vector e such that
u=Khe=Ge and lul<1 (2.38)
Then from eq. (2.37) the following is true
y = Gsat(Ghe) = GG e = Ae (2.39)

The modification shown in eq. (2.39) keeps the direction of the output y the same as the
one of the input e and the only difference is a scaling of A in the output y. Because of the
nonlinear element sat(u) it is impossible to find K to invert G for all the inputs e R™ . The
scaling A is necessary so at least the direction of the output y is preserved and is the same as the
input direction e.

The main problem in this simple algebraic problem is that the sat(u) element alters the
direction of the u vector while transforming it to the us vector. In addition, the nonlinear
mapping of sat(u) is not invertible. For example, assume that u, use Rz, then the vector
[2 1)Tis transformed to [1 1] altering the direction, and the vector [3 1]7 is transformed

again to [1 117, so the noninvertibility is apparent.
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2.3.2 Perform Definition

After the analysis in the algebraic problem let us try to analyze the performance problem
in the dynamic system. The system in question is the original closed loop system shown in
figure 2.1 where the compensator and the plant are dynamic systems. Problems in performance
can occur for the following two reasons: (a) the multiple saturations change the control vector
direction and/or (b) the compensator has integrators or slow dynamics so that windups can
occur.

Let us assume for a second that the reference and/or the error were such that the controls
in the closed loop system never saturate. Then, if the compensator was designed to invert or
partially invert the plant the inversion process would not be disturbed. At the same time the
integrators and slow dynamics of the compensator would never windup.

To solve the performance problem let us assume that two nonzero operators are added to
the system. The first operator O, is applied to the error signals and for convenience purposes it
will be called Error Governor (EG) and the second operator O, is applied in the reference
signals and it will be called Reference Governor (RG).

u= KOle (2-40)
e=0,r-y (2.41)

The two nonzero operators can be chosen, if possible, so that the control u(t) never
saturates, i.e. lu(t)ll, < 1, for any reference and/or disturbances. It is also desired that the O,e
and O,r signals are "close" to the e(t) and r(t) signals respectively. In Chapters 3-5 the two
operators will be defined in detail. Figure 2.7 shows the closed loop system with the two

added operators.
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t
G(s) Y()a»

plant

Figure 2.7: General structure for the control system

Effectively, with the introduction of the EG and RG operators, the saturation is

transferred from the controls to other points in the loop where it makes the control analysis and

design process easier.

As was discussed previously, the selection of the EG and RG is such that the controls

_ will never saturate; and if, for example, the compensator was designed to invert or partially

invert the plant, then the inversion process will not be distorted by the saturation and GsatK

will remain linear and equal to GK. In the closed loop system with the operators O, and O,
the compensator will never cause windups. The integrators and slow dynamics of the

compensator will never cause the controls to exceed the limits of the saturation and thus

windups never occur.

2.4. Concluding Remarks

In this chapter certain issues about the stability and the performance of a control system

with multiple saturations were discussed.

As far as the stability is concerned, a new stability criterion was introduced where Lo
reference and disturbance spaces were defined so that for any exogenous signal (reference or

disturbance) in those spaces the closed loop system will remain BIBO stable.
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As far as the performance is concerned, at first, the performance problems that
saturations introduce were analyzed. These problems can be integrator windups and the control
direction alteration by the multiple saturations. To solve these problems new performance
objectives were introduced. The idea is to somehow prevent the controls from saturating so that
the compensator can invert or partially invert the plant as designed.

The introduction of the two operators, the Error Governor (EG) and the Reference
Governor (RG), will address these stability and performance concemns; in chapters 3-5, it will

be shown how to design those two operators in detail.
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CHAPTER 3
MATHEMATICAL PRELIMINARIES

3.1 Introduction

This chapter is an introduction to the new design methodology. Some necessary
mathematical preliminaries will be given and two basic problems will be introduced. The two
basic problems will be solved and their solution will lead to the design of the two operators that
were introduced in chapter 2, i.e. the Error Governor (EG) and the Reference Governor (RG).

The design of the operator EG involves the design of a time-varying gain such that the
outputs of a linear system remain bounded. The design of the operator RG involves the design

of a time-varying rate such that the outputs of a linear system remain bounded.

3.2 Preliminaries

Consider the following linear time invariant system

x(t) = Ax(t) A € R™, x(t) € R® (3.1)
x(0) = xo (3.2)
y(®) = Cx(t) Ce R™", yt) e R™ (3.3)
y(xo0,t) = Ce*'xo (3.4)

where eA'is the state transition matrix (matrix exponential) for A

In the rest of this section certain definitions and facts will be presented. These definitions



Chapter 3 Page 46

and facts will be used for the design of the operators EG and RG.

Definition 3.1:
The scalar-valued function g(x) is defined as follows:

g(xo): R"> R, g(xo) = lly(xe0ll (3.5)
This function g(xp) is not necessarily differentiable at all points in R". One can easily see

the possibility of having a nondifferentiable g(xp) when lly;(xp,t)lloe = ij(xo,t')l, where t£t'

and/or ij. In figure 3.1 three responses are shown which correspond to a fictitious system

with three initial conditions. For the initial condition xg the system has a response with the
maximum value occurring at times t; and t,. Then, for a small deviation in the initial condition,
‘ Xg + v, the maximum in the response occurs at time t; and for another small deviation in the
initial condition, xy - w, the response has its maximum value at t;. For such a system it is

obvious why the g(xp) may not be differentiable at x.

' Y2 Time (sec.)

Figure 3.1: Output response of a hypothetical system for three different initial conditions.
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Definition 3.2:

The Jacobian matrix of g(x) is defined as follows:

Jg(x)  9g(x) ag(x)

D g(x) = aXI ax2 ........ —-—axn (3.6)

where each xeR" is given by

x=[% % %] (3.7)

Theorem 3.1:
Let A,(A) be an observable mode of (A,C) and let the multiplicity of A,(A)) be n;. The
function g(x) is finite VxeR" if and only if
a) Re(A,(A)) <0, Vi, and
b) The modes A,(A) with Re(A,(A)) = 0 and n; > 1 have independent
eigenvectors (i.e. the order of the Jordan blocks associated with the

eigenvalues of A with Re(A,(A)) =0and n;>1is 1.).
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Proof:

Let P be the similarity transformation matrix that transforms A to the Jordan form as
follows

Ajz=PAP!

Since Ay is in Jordan form, every entry of the €3 matrix is of the form fe(%*9)t where
A, = o +jo, and A, is an eigenvalue of Aj. If o, < 0, then t'e(® 9t < oo Vk. If o, = 0, then
t“ei®it < oo only if k = 0, and consequently the order of the Jordan block associated with the
eigenvalue jw, is 1.

&=

If the assumptions a) and b) of the theorem are satisfied, then €*3* and eA! are bounded;
consequently, y(xq,t) = CeAtlxy is bounded and g(x) < oo, Vxe R".

=3

If g(x) < oo, then y(xq,t) = CeAlxy is bounded; consequently, the observable modes of
(A,C) have to satisfy assumptions (a) and (b) of the theorem.

m

Systems that satisfy conditions (a) and (b) of theorem 3.1 are called neutrally stable.
Note that if [A,C] is unobservable and if, because of the unobservability, there is an unstable
pole/zero cancellation, then all the assumptions of theorem 3.1 are met and g(x) will be finite.
Because g(x) will be used eventually for designing control systems, there are other obvious

reasons that unstable pole/zero cancellations are not allowed.
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Theorem 3.2:
Let g(x) be as in Definition 3.1 and assume that g(x) < oo, Vxe R". Then g(x) is

continuous.

Proof:
Given an € > 0, V xp,voe R", 3 Wo€E R"

v I_ = £ =8
o= max (o (Ce™)
t

such that if | xg - vo1 < 5, then vp = xg + W
and since g(x) < oo, max (cmu(CeA‘)) is finite and thus § > 0, VxeR"
t
| g(x0) - g(vo) I = 11l y(xot) Il -l y(vo0) Il !
=111 Ce™xoll _ - 1 Ce*'voll_ |

l g(x0) - g(vo) | =111 Ce*xol_ - I| Ce*'xo+ Cet'woll _ | <

A A A
I Ce®'xoll_ - 1| Ce*xoll_ + Il Ce*woll I = Il Ce*'woll_
Al Al
| g(xo) - g(vo) | <1 Ce™'woll < max (5, (Ce™)) lwoll <€
t

then Ve>0, 3650, such that, Vxo,voe R" with Ixg - vol <8, then lg(xo) - g(vo)l <&
m

Definition 3.3: The set Py is defined as:
Pg = { [x,v] : xeR", veR, v 2 g(x) } (3.8)

From this definition we see that Py is the interior of the graph of the function g(x) in
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R'“l, as shown in figure 3.2.
Definition 3.4: By c is the set of all xe R” with 0<g(x)< 1, i.e.
Bac={x: 0<g(x)<1)} (3.9)

Suppose that the system (3.1)-(3.4) has an initial condition xye B A,c- From this definition we

see that for such an initial condition the output of the system, y(t), will satisfy lly(t)lloo < 1.

Theorem 3.3:

The set Py as it is defined in Definition 3.3 is a convex cone.

| Proof:
| Pg is a cone.
Pg is a cone if wie Pg and ce R' then cwie Py
If [x1,v1] € Pg and ce R* then since vi 2 g(x1) = cvy 2 cg(xy)
cg(x1) = g(cxg) = cv; 2 g(cx) which imply that {cxy,cvyle Pg and Pgisa
cone.
Pg is convex.

V [x1,v1], [x2,v2] € Py, given p such that0 <p <1

if [x1,v1]), [x2,v2] € Pg then p[xy,v1] and (1-p)[x3,v7] € Pgbecause Pgisa
cone

since pv; 2 g(pxy) and (1-p)va2 g((1-p)x2) = pvi+(1-p)va2g(pxp)+g((1-p)x2)
since g(px1)+g((1-p)x2)2g(px1+ (1-p)x2) = pvi+ (1-p)v2 2 g(px1+ (1-p)x2)

Then [ px1+ (1-p)x2, pvi+ (1-p)va] € Pg.

So a convex combination of two points in the set is also in the set and consequently
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Pg is convex.

m

One might expect that Pg would be a convex cone from the linearity (g(ox) = ag(x))of

the system (3.1)-(3.4). Because Pg is a cone and g(x) defines its boundary we will refer to

g(x) as a conic function.

Corollary 3.1:

B, c is a symmetric, closed and convex set.

Proof:
The proof of this corollary follows from Definitions 3.1- 3.5 and theorems 3.1-3.2. Note

that the set By ¢ is symmetric with respect to the origin. This is true because
lly(xq,t)ll, = lly(-xo,)l, and consequently g(xp) = g(-Xp). Also, note that because Pg isa

convex cone, then B, ¢ is a closed convex set.

mn

Theorem 3.4:
Define e; to be an eigenvector of A and 1(C) to be the null space of C.

If ;¢ N(C) V i then B, ¢ is bounded.
Equivalently, if the pair [A,C] is observable then B, ¢ is bounded.
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Proof:
If e; ¢ M(C) Vi, then y(xp,t)20 Vxo, and since y;(cxo.t) = cy;j(Xo.t) V ceR,i=>
g(cxp) = 1 for some scalar ¢ Vxp, So B A,c={Xot g(xp) < 1} is bounded.

mr

If the pair [A,C] is not observable then B4 ¢ will not be bounded. Specifically, if ej e
N(C) for some i then ceje By ¢ Vscalar c.

Figure 3.2 gives a visualization of the function g(xo) and the sets B4 ¢ and Py in R" and

R™! respectively.

v = g(x) f

AC

Figure 3.2: Visualization of the function g(x) and the sets Pg and By c.
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Definition 3.5 [17]:  The upper right Dini derivative is defined as
f(t)-f(t
D'f(t;) = lim sup v (3.10)
t—t* t-to
Y

Definitions of the lower right, upper left and lower left Dini derivatives are given in
reference [17]. In the sequel only the upper right Dini derivative will be used as in definition
3.5. The D™f{(ty) is finite at t; if the function f satisfies the Lipschitz condition locally around t,
[17]. Note that the function g(x) defined by Definition 3.1 satisfies the Lipschitz condition

locally if the conditions of Theorem 3.1 are met. This is obvious because g(x) is a conic

function.
Theorem 3.5 [17]:

Suppose that f(t) is continuous on (a,b), then f(t) is nonincreasing on (a,b) iff D*f(t)<0
for every te (a,b).
Proof:

The proof of this theorem is given in reference [17].

m

In the following example we will illustrate the set B, ¢ and an approximate B, ¢ set,

B'4 ¢, for a given linear time invariant system.

Example:

Consider the following model
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. 26093 1.4180 29.8308  2.989
V= 11
=l 71476 15213 |*O 687543 108387 |"® GV

-1 1
yin = s x(t) (3.12)

To compute the set B, ¢ for this system, it suffies to compute the output y(t) with u(t) =
0 for different initial conditions, x;, on the unit circle. With y(x;,t) we compute g(x) =
lly(x;,)lloo. The boundary of B, ¢ is then given by the points v; = xy/g(x;). This follows
from the linearity of the unforced system with respect to the initial condition. The B, ¢ set for
this system is shown in Figure 3.3.

The system has two poles at -.5441j2.422. and no finite transmission zeros. The pair
[A,C] is observable and hence it follows from theorem 3.1 that the function g(x) is bounded.
Consequently, the B, ¢ set is closed. In addition, the B ¢ set, as expected, is a symmetric

and convex set.



Chapter 3 Page 55

The B, ¢ setfor the academic example

1.75

yd
/]
s I I/
o |1/
P2

-1.75 =105 -035 0.35 1.05 1.75
X
1

-1.75

Figure 3.3: The B, ¢ set for the example.

The exact calculation of this set could be difficult for higher order systems and in such a
case an approximation of that set can be used. For this particular example the B, ¢ set can be
easily approximated by an ellipse that includes the whole set. Figure 3.4 shows the actual

B, ¢ with its ellipse approximation B', ¢. The B’ ¢ is given by the following
,C p AC ACIS g y

/ 2 2
T 35x,-+/-647 x_+4.08 35x +J;.47 x, +4.08
B,c= {xeR?, X=[x1 "2] : 1 5 1 <x,< 1 > 1 }(3.13)
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The B, c and B, . sets for the academic example

1.75
~Bic

L3
BA,C

0.35

ds
T
/

s ||/
e
2

-1.75

=175 -105 -035 0.35 1.05 1.75
X
1

Figure 3.4: The B, ¢ set and an approximation of it B' a,c for the example.

One can do better approximations of this particular B, ¢ but the point here is not to find
the best approximation but to see the effects of an approximation in a particular example. In the
sequel the system (3.11)-(3.12) will be used as a compensator in a closed loop control system,
The B, ¢ and the B, ¢ will be used in a new control methodology (will be described in
chapters 4 and 5) and the effects of this approximation will be discussed.
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3.3. Design of a Time-Varying Gain such that the Outputs of a

Linear System are Bounded

Assume that a linear system is defined by the following equations

x(t) = Ax(t)+Bu(t) AeR™" BeR™™ (3.14)
y(® = Cx(t) CeR™x" (3.15)

and also assume that the linear system is neutrally stable. Then, if one were to construct the
function g(x) (definition 3.1) for the system (3.14)-(3.15) for B = 0, the following is true; g(x)
< oo, Vxe R™. This follows from theorem 3.1.

The goal here, is to keep the outputs of the linear system (3.14)-(3.15) bounded (i.e.

ly;() € 1, V' t, i) for any input u(t). To achieve our goal, consider the following system with a

time-varying scalar gain A(t)
xX(t) = Ax(t) + BA(Du(t) (3.16)
y(®) = Cx(t) (3.17)

r--4 Logic |&--

u(t) U [ y(®
(t)=Ax(t)+Bu,(t) >
@ yO=Cx)

.

Figure 3.5: The basic system for calculating A(t).
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Figure 3.5 shows the basic system and the location of the time-varying gain A(t). In this
framework a basic problem can be defined.

The Basic Problem:
At time ty, find the maximum gain A(ty), 0 < A(ty) < 1, such that Vu(t), t > ty 3

A(t), t > tysuch that the output will satisfy Jy;(t)] <1V i, t > t,.

A solution to this problem can be obtained by using a function g(x) given in definition
3.1 and by using a set B, ¢ given in definition 3.4. To be more specific, for the system
(3.16)-(3.17), with u(t) = 0, one can define g(x) as in egs. (3.18)-(3.19). The function g(x) is
finite because the system (3-16)-(3-17) is neutrally stable (theorem 3.1).

g(xo): R"™SR, g(xo) = lly(xo.0ll (3.18)
x(0) = xp (3.19)
Bac={x: gx)<1} (3.20)

By defining g(x) and B, ¢ as in eqs. (3.18)-(3.20) one can construct A(t) as follows:
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Construction of A(t):

For every time t choose A(t) as follows

a) if x(t)eIntB, ¢ then (1) = 1 (3.21)
b) if x(t)e BdB , ¢ then choose the largest A(t) such that (3.22)
0<A@® <1 (3.23)
lim sup g(x()+e[Ax()+BA(Du(t)]) - g(x(1)) <0 (3.24)

-0 3

or for the points where g(x) is differentiable choose the largest A(t) such that
0sA(m <1 (3.25)
Dg(x(1))[Ax(t) + BA(Du(t)] <0 (3.26)
where Dg(x(t)) is the Jacobian matrix of g(x(t)) as in definition 3.2.

c) if x(t)e B, ¢ then choose A(t), 0 < A(t) < 1 such that the expression in 3.24 is

minimum.

In the construction of A(t) if x(ty)e B A,c then the basic problem cannot be solved
because there exists a u(tg) for t >ty (i.e. u(t) = 0) where it will lead to lly(x(tp),Dlleo > 1. In

such a case, the best that can be done is to find A(t) such that the states x(t) will be driven into

B, ,c as soon as possible.

With the A(t) defined as above let us examine some properties of the system (3.16)-

(3.17). To be more specific it will be shown that
(a) There is always exists a A(t) that satisfies all the constraints in the

~ construction of A(t).
(b) If A(t) is constructed as it was specified above and x(t))e B, ¢. then x(Ne B, ¢

V't > t; and for all u(t).
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(c) the construction of A(t) solves the basic problem when that is possible

(i.e. x(e B, ¢ for all 1).

Theorem 3.6:
For the system given in egs. (3.16)-(3.17) the following is always true VxeR".

fim sup EEOFEAXOD - g6O) o

(3.27)
€0 €
and at the points where g(x) is differentiable
Dg(x) Ax<0  VxeR" (3.28)

where Dg(x(t)) is the Jacobian matrix of g(x(t)) as in definition 3.2.

Proof:

Assume that the inequality (3.27) is not true for some x(t) = X,. If the xg is used as an
initial condition to the x'(t) = Ax(t) system then because of theorem 3.5 3t'>0 such that g(x(t))
> g(x(t)). But g(xq) = Ile(t)II“ so this is a contradiction. Therefore, inequality (3.27) is true
vxeR".

m

The construction of A(t) is always possible because of theorem 3.6, namely one can

choose A(t) = 0 Vt and the inequality (3.24) is always true.

Lemma 3.1:
In the system (3.16)-(3.17) if xge B, c and A(t) is constructed as it was described
above, then x(t)e B, ¢ for all t and for all u(t).
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Proof:
The proof of this Lemma follows from the construction of A(t).
m

Theorem 3.7:
For the system (3.16)-(3.17) with A(t) constructed as above the following is always true
if xge By ¢ then lly(t)lloo <1 Vinput u(t)
if xgg B, ¢ then lly(lleo <g(xg) Vinput u(t)

Proof:

If xge B4 ¢, then

The construction of A(t) guarantees that x(t)e B AC Vt. (see Lemma 3.1). It is also true
that for any state x(t)e B, ¢ ICx(Dlloo < 1. If HCx(Hlloo > 1 and x(t) is used as an initial
condition in the system the following will be true, g(x(t)) > 1 and x(t)¢ B, ¢ whichis a
contradiction. Since y(t) = Cx(t) and x(t)e B AC Vt then lly(t)llo £1 Vinput u(t).

If xg¢ B, ¢, then g(xo) > 1 and from the construction of A(t) g(x(t)) < g(xe) (g(x) is
decreasing by theorem 3.5). Thus lly(lleo < g(x(1)) < g(Xo)

/i

Theorem 3.8:
At every time ty, if X(t9)e B, ¢ then the time-varying gain A(tp) is the maximum possible
such gain that 0 < A(ty) < 1 and Vu(t), t>ty 3 A(t), t > tg such that the output ly;(t) < 1V i,

t>tg. If x(tg)e B, ¢ then such a gain A(ty) does not exist.
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Proof:

If x(tp)e B ¢, then

from the construction of A(t), at any time t; the maximum gain A(ty) is chosen such that
0 <A(to) < 1 and x(t)e B, cV't > t,. If a greater gain A(ty) is used then g(x(to) will be
increasing (see theorem 3.5) and x(t)e B, cVt>tg; consequently there exists u(t) (i.c. u(t) =0
t 2 tg) where lly(tllos > 1.

If x(tg)2 B, ¢, then there exists u(t) (i.e. u(t)=0 t 2 tp) where lly(t)lloo > 1 and thus for

any A(tp) the basic problem does not have a solution.

m

The solution to the basic problem which was given above assumed that A(t) is a scalar. A

similar solution can be obtained if a time-varying diagonal matrix A(t) is employed.

r -

ll(t) 0

A@®) = . (3.32)

0 xm(t) ]

The construction of A(t) and all the properties that were described previously can easily
be extended for the matrix case.

Similar analysis can be done for systems with a feedforward term from the controls to the

outputs. Consider the system defined by the following equations

x(t) = Ax(1)+Bu(t) AeR™® BeRM™ (3.33)
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y(t) = Cx(t) + Du(t) CeR™*®, Deg RTX™ (3.34)

One can introduce a time-varying gain A(t) so that for any input u(t) the output y(t)
remain bounded. A similar basic problem can be defined as for the case where D = 0. The

construction of A(t) then is modified as follows

Construction of A(t) for the system with a feedforward term (D matrix):
For every time t choose A(t) as follows
a)The largest A(t) such that ICx(t) + DA(Du(t)llo, < 1
b) if x(t)e BdB 4 ¢ then choose the largest A(t) such that (3.35)

0<A( <1 (3.36)

fim sup EEOEIAXOHBAQUOD - £60) _ o

&0 € (3.37)
or for the points where g(x) is differentiable choose the largest A(t) such that

0sAM<1 (3.38)

Dg(x(t)[Ax(t)+BA(Du(t)]<0 V>0 (3.39)

where Dg(x(t)) is the Jacobian matrix of g(x(t)) as it is given in definition 3.2.
c) if x(t)e B ¢ then choose A(t), 0 < A(t) < 1 such that the expression in (3.37) is

minimum.

When a feedforward term (D matrix) is present, part (a) of the construction of A(t) is
different. Because of the feedforward term one can drive lly(t)ll.,, > 1 at every time t just with
the controls. The constraint (a) in the construction of A(t) prevents the "large" controls from

entering into the system and consequently causing lly(t)llo, > 1.
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3.4 Design of a Time-Varying Rate such that the Outputs of a Linear

System are Bounded
Assume that a linear system is defined by the following equations

x(t) = Ax(t) + Br(t) A € R B ¢ RM™ (3.40)
y(t) = Cx(t) CeR™*® (3.41)

The goal here, again, is to keep the outputs of the linear system bounded (i.e. ly;()! <1V
t, 1) for any r(t). In section 3.3 a time-varying gain was introduced and this problem was
solved completely. Here a time-varying-rate will be introduced and a different solution will be
obtained. One can modify the inputs to the system r(t) to r,(t) with a time-varying rate
operator, such that for any input r(t) the system output y(t) remains bounded. The new system

can be defined as follows (also shown in figure 3.6).

x(t) = Ax(t)+Br,,(t) (3.42)
r,® =p® (r@® - r,®) (3.43)
y(®) = Cx(t) (3.44)
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ru|(t)

.

[ : Logic:"'"‘ﬁ

r, (1 y(t)
1 s > G(s) —

Figure 3.6: The basic system for calculating pi(t).
Now a basic problem for this case can be defined.

The Basic Problem:
At time t; find, if possible, the maximum time-varying rate p(ty), 0 < JL(ty) <co, such that

vr(t), t > t 3 u(t), t > tysuch that the output will satisfy |y;(t)] <1V i, t > tg.

Define the following auxiliary system

X(1) = Ax(t)+Br,(t) (3.45)
r, (D=p(t)e(t) (3.46)
y® = Cx() (3.47)

| and with x,(t) = [ x(t) ru(t) 1T one can obtain the following augmented system
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Xa(0) = AX (O+Bi(De(t) A eRMT X MM g o RIM XM (3 48y
¥(t) = Cx, (1) C,eR™*™M (3.49)

The system (3.48)-(3.49) is similar to the system (3.16)-(3.17) if the A(t) is replaced by
(1), the only difference is the fact that the p(t)e [0,00] whereas A(t)e [0,1].
To obtain the solution to the basic problem we define a function g(x) for the system

(3.48)-(3.49) for B, = 0 and a set B, ¢ as it was described in section 3.2.

g(x0): R™™ R, g(x0) = y(xaot) ll_ (3.50)
Xa(0) = xz0, (3.51)
Bac={x: gx)<s1} (3.52)

For the function g(x) to be finite for all xe R" the original system (3.40)-(3.41) has to be
such that the augmented system (3.48)-(3.49) is neutrally stable.
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Construction of (t):

For every time t choose Li(t) as follows

a) if x,(t)e IntB, ¢ then J(t) = e which implies that r(t) = ru(t (3.53)
b) if x,(t)e BdB AC then choose the largest {i(t) such that (3.54)
OSpu) Seo

g(x (+e[A x ()+B_pme ®]) - g(x )
sup <0
e—0 € (3.55)

or for the points where g(x) is differentiable choose the largest ji(t) such that
O<pu(t) Seo (3.56)
Dg(x,(D)[A X, (D+Bute ()] <0 V>0 (3.57)
where Dg(x,(t)) is the Jacobian matrix of g(x,(t)) as in definition 3.2.
¢) if x,(t)e B, ¢ then choose u(t), 0 < pu(t) < oo such that the expression (3.55) is

minimum.

The proofs of the following theorems parallel those of section 3.3. By changing A(t) to
(1), and u(t) to e (t) all the proofs are identical. The fact that A(t)e [0,1] but p(t)e [0,00] is not

important, for the proofs, because is not used in any of them.
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Theorem 3.10:

For the system given in (3.48)-(3.49) and the given construction of j(t) the following is

always true Vx,eR™"™.

g(x (D+€[A x O] - g(x (V)
<0

sup (3.58)
-0 €
and at the points where g(x) is differentiable
Dg(x,)AXx, <0 Vx,eR"™™ (3.59)

where Dg(x,(1)) is the Jacobian matrix of g(x,(t)) as in definition 3.2.

The construction of i(t) is always possible because of theorem 3.10 , namely one can

choose (1) = 0 Vt and the inequality (3.55) is always true.

Lemma 3.3:
In the system (3.48)-(3.49) if x,0e B, ¢ and u(t) is constructed as it was described

above the states x,(t) of the system belong to B ¢ (i.e. x,(t)e B, ¢) for all t and for all r(t).

Theorem 3.10:
For the system (3.48)-(3.49) with pi(t) constructed as above the following is always true
if xg9e By ¢ then lly(tleo £ 1 Vinput r(t)
if Xg92 By ¢ then lly(tlo, < g(xg0) Vinput r(t)

Page 68
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Theorem 3.11:

At every time tg, if X,4(tg)€ B4 ¢, then the time-varying gain U(t) is the maximum
possible such gain so that 0 < [L(t) < oo, and Vr(t), t > t5 3 p(t), t > ty such that the output
ly; ()1 <1 Vi, t> ty. If x,(tg)2 B,  then such a gain ji(ty) does not exist.

3.5 Introduction to the New Design Methodology

In sections 3.3 and 3.4 two basic problems were solved. In section 3.3 it was shown
how to design a time-varying gain A(t) so that the output of a linear system remains bounded.
In chapter 4 the time-varying gain will be used as an Error Governor EG (as shown in figure
3.7) to significantly improve the performance of the closed loop system by keeping the
controls u(t) bounded. In fact, the Error Governor will guarantee that the controls never

saturate.

u(t) u (1) y(®)
K(s) | sat —» G(5) >
compensator saturation plant

Figure 3.7: Control structure with the EG operator

Another control structure that also ensures that the control u(t) will never saturate is
shown in figure 3.8. In chapter 5 the time-varying rate, introduced in section 3.4, will be used

as a Reference Governor (RG). In chapter 5 we also present a third control structure which
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utilizes both the EG and RG operators ( not shown here).

Page 70

y(®
G(s) -

plant

Figure 3.8: Control structure with the RG operator

Table 3.1 shows the potential applications of the different control structures. The

intention here is not to give a complete description of the new design methodology but rather to

give an overview on where one could use the control structures.

Neutrally stable Unstable
compensator compensator
E Control structure with EG
ﬁ -
& | Control structure with RG Control structure with RG
-
S Control structure with RG and EG
g
A | Control structure with RG
ﬁ Control structure with RG
g Control structure with RG and EG
fon




Chapter 3 Page 71

3.6 Concluding Remarks

In this chapter some necessary mathematical preliminaries were introduced which will be
used to define the new design methodology. Two basic problems were posed and solved.

In the first problem, a time-varying gain was defined so that for any input in a linear
system, if that input is multiplied by the time-varying gain, the output of the system will remain
bounded.

In the second problem a time-varying rate was designed limiting the input rate such that
for any input the output of the linear system remains bounded.

The solutions to these two problems will be the basis for the new design methodology

which will be presented in chapters 4 and 5.



Chapter 4 Page 72

CHAPTER 4
CONTROL STRUCTURE WITH THE OPERATOR EG

4.1 Introduction

In section 2.3 (performance analysis) the need for an operator EG and/or an operator RG
to achieve better control system performance was shown. In section 3.3, it was shown how to
choose a time varying gain A(t), at the inputs of a linear time invariant system, such that the
outputs of that system will remain bounded. In this chapter, we combine the results of sections
2.3 and 3.3 to obtain, a control structure with an EG operator (i.e. a time gain-varying gain).
This structure will be introduced and analyzed. With the EG operator at the error signal, the
system will remain unaltered (linear) when the references and disturbances are such that they
don't cause saturation. For "large" reference and disturbance signals the operator EG will
ensure that the controls will never saturate. This control structure is useful for feedback
systems with stable open loop plants and neutrally stable linear compensators.

The new control structure has inherent good properties (stability, no reset windups etc.)
which will be discussed and demonstrated in simulations of two examples. The examples
chosen are an academic example (with pathological directional properties) and a model of the
F8 aircraft longitudial dynamics.

4.2 Description of the Control Structure with the Operator EG

Consider a feedback control system with a linear plant G(s), a linear compensator K(s)
and a magnitude saturation at the controls. The plant and the compensator are modelled by the

following state space representations:

Plant: x(t) = Ax(t) + Bug(t) (4.1)
y(t) = Cx(t) 4.2)
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u(t) = sat(u(t)) 4.3)
Compensator: )Ec(t) = A X (1) + Be(t) 4.4)
u(t) = C.x.(t) 4.5)
e =r() -y (4.6)

where r(t) is the reference, u(t) is the control and y(t) is the output signal.

The compensator can be thought of as an independent linear system with input e(t) (error
signal) and output u(t) (control signal). The objective is to introduce a time-varying gain A(t)
(EG operator) at the error, e(t), such that the control, u(t), will never saturate. Following the
discussion of section 3.3 the gain, A(t), is injected at the error signal and the resulting

compensator is given by

X (D) = AX (1) + BA(De(t) 4.7
u(t) = C.x (1) (4.8)
e(t) =r(®) - y(t) (4.9)
-4 Toic -
t t
e(t) @ e, (1) K(s) u(t)
Error Governor
(EG)

Figure 4.1: The basic system for calculating A(t).

In analogy to figure 3.5, figure 4.1 shows the basic system for computing A(t). A

function g(x) and a set B, ¢ are defined and then the construction of A(t) follows in accordance
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with the results presented in chapter 3.

g(xg): g(xg) = lu(®)llo (4.10)
where Xo() = A X (1); x.(0)=x, (4.11)
u(t) = C.x(t) 4.12)
Byc= {x: gx)<1) (4.13)

For g(x) to be finite, for all x, the compensator has to be neutrally stable
(theorem 3.1). This is the reason why the operator EG is to be used only for feedback system
with neutrally stable compensators. This is not an overly restrictive constraint because most

compensators are usually neutrally stable. With finite g(x) the EG operator is given by

Construction of At) :

For every time t choose A(t) as follows

a) if x(t)e IntB,, ¢ then A(t) = 1 (4.14)
b) if x.(t)e BdB, ¢ then choose the largest A(t) such that (4.15)
0sA()<s1

g(x (+elA x (O+B A 0e®)]) - g(x ®)
sup <0
e-30 € (4.16)

or for the points where g(x) is differentiable choose the largest A(t) such that
o<Am <1 (4.17)
De(x((N[AXMH+BADe®] <O V>0 (4.18)
where Dg(x.(1)) is the Jacobian matrix of g(x(t)) as in definition 3.2.
c) if x.(t)¢ B, ¢ then choose A(t), 0 S A(t) £ 1 such that the expression (4.16) is

minimum.
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From the results in section 3.3 it can be proven that if, at time t = 0, the compensator
states, X.(t), belong in the B, ¢ set, then the EG operator exists and the signal u(t) remains
bounded for any signal e(t). Hence, the controls will never saturate for any reference, any input

disturbance, and any output disturbance.

---1 Logic (<« -+

r

t et) t u(t) u_(t) t
r()+ @ 2O ke F—a st [ G |

Error Governor
(EG)

Figure 4.2: Control structure with the EG operator.

Figure 4.2 shows the control structure obtained with the operator EG at the error signal.
With this control structure the feedback system will never suffer from the reset windup
problems which occur when open loop integrators or "slow" poles are present. The reason for
the absence of reset windups is that the Error Governor will prevent any states associated with
integrators or the "slow" poles from reaching a value which will cause the controls to exceed
the saturation limits.

Another important property of the new control structure, is that the saturation does not
alter either the direction of the control vector or the magnitude of the controls. Thus, if the

compensator inverts part of the plant the saturation does not alter the inversion process.

4.2.1 Stability Analysis for the Control System with the EG

When the plant is stable and the compensator includes the EG operator the following

theorem can be proven.
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Theorem 4.1:
The feedback system with a stable plant given by eqgs. (4.1)-(4.3) and a compensator
given by eqs.(4.7)-(4.9) is finite gain stable.

Proof:

Irg 3 lirllee <15 = llull, <1
if llrllo, < g then A(t) = 1 and the linear system is stable, thus finite gain stable
Tyg 3 lylleo < yg Vr(t) because G(s) is stable with bounded inputs
if lirlloo > Tg then Nylloo < (lIfloo/rg)yo and llylloo < (yo/ro)Irlles
Thus, for k = (yo/rg) then liyllo, < klirll,
m

Every stable system G(s) with bounded inputs is BIBO stable because the outputs are
always bounded. The system in figure 4.1 is finite gain stable because in addition to being
BIBO stable it is known that there exists a class of "small" inputs, lir(t)ll. < 1y, for which the
system remains linear.

For unstable plants one cannot guarantee closed loop stability because when A(t) =0 the
system operates open loop. This is the reason why the control structure with the EG should be
used for feedback systems with stable open loop plants (see table 3.1).

For stable plants the closed loop system remains finite gain stable in the presence of any
input and/or output disturbance. This is true because the controls never saturate for any input
and/or output disturbance. In addition, it is easy to see that the closed loop system will remain
finite gain stable for any stable unmodelled dynamics. In fact, the controls will never saturate if
the model is replaced by the "true" stable plant; thus, integrator windups and/or control

direction problems cannot occur.
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4.2.2 Computation of the Operator EG

In this section the actual computation of A(t) and some implementation issues will be
discussed. There are two fundamentally different ways to compute A(t); in one method the
computation is performed mostly on-line and in the other method most of the computation is
performed off-line. As discussed previously, the time varying-gain was incorporated in the

compensator model and the modified compensator was given by the following

() = A (1) + BA(De(t), x(DeR", e(t)eR" (4.19)
u(t) = Cex,(t) u(t)eR" (4.20)

Also assume that to implement the compensator a discrete difference equation, with
integration step of At, which approximates the differential equation (4.19)-(4.20) is obtained.

The model of the approximate discrete system is assumed to be the following

X ((n+1)At) = Fx (nAt) + GA(nAt)e(nAt) (4.21)
u@A) = C.x (nAt) (4.22)

The objective here is to discuss the implementation of A(t) and its discrete time
approximation A(n). The intention is not to give the "best" algorithm for computing or
approximating A(t), but rather to give a feeling on what the issues are in constructing A(t).
More research is needed to find efficient and computationaly robust algorithms.

First, a computation that is performed mostly on-line is possible and is given by the

following steps.

STEP 1: Quantization of A(t):

At every time t;, the time-varying gain A(t) is such that 0 < A(t) < 1. Because of
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computational limitations one must quantitize the segment [0,1] with M points (A, . . ., Ayp).

STEP 2: Calculation of A(nAt):
To compute A(nAt) one has to compute g(x). This computation of g(x) can be done
directly or indirectly. Form the definition of g(x) (definition 3.1) one can conclude that the

following is true:

g(x(0)) = IIC &A% (0)lloo = max IC_Fx (Ol (4.23)

In the direct computation of g(X) the C_F" is stored and for any vector x.(0) the function
g(x) can be computed. At every time ngAt, the error vector e(nyAt) and the states of the

compensator x.(ngAt) are known exactly. Then
o if g(x.(ngAt)) < 1 we set A(npAt) = 1.
o if g(x.(nyAt)) = 1 we compute the following quantity

z = {g(Fx(ngA)+BAe(ngAY)) - g(x(neAt)) } (4.24)

The idea is to search (e.g. binary search) through all the A.'s
to find the maximum A, such that z <0. Then use that the max A, as A(npAt).
o if g(x (ngAt)) > 1 then search through all the A{'s and use that A; which

minimizes z as A(ngAt).

One can compute g(x) indirectly. At every time nyAt simulate the system (4.21)-(4.22)

by using the vector x.(ngAt) as an initial condition, the following input vector

e(nOAt) for n=n,

0 for n>n,

i
=)

e(nAt) = (4.25)
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and A(npAt) = A,, for some i.

We want the maximum, for all n, of llu(nAt)ll.. not to exceed the saturation limits. Thus,

choose as A(ngAt) the maximum A, to satisfy that.

Most of the computations of A(t) in this thesis, for the simulations, were done on-line by
computing A(t) indirectly as specified previously. By using parallel processing it seems
possible to compute g(x) directly even for systems with large number of states.

Another computation, performed mostly off-line, is possible and is given by following.

STEP 1: Computation of the function g(x):

One can compute the function g(x) using "brute force". Consider an nth dimensional
hypershere and define a quantization with N points (X, . . . . ,XcN). Then by using x; as an

initial condition, one can find g(x,), for all i, as follows:

XD = AX (D),  Xc(0) = X, (4.26)
u(t) = C.x(t) (4.27)
g(xgp) = u(®)loo (4.28) ;
The function g(x) is defined at N points and one can use approximation theory to obtain a
closed form expression from N points on the n! dimensional hypersphere [41],[42]. |
Sometimes it may be difficult to obtain a closed form expression for g(x); in such a case, the
g(x;), for all i, can be stored and then for any other vector ve R™ one can find the closest (in
the Euclidean norm sense) collinear vector ox; to v and use g(ox;) as an approximation to
g(v). Since g(x) is a cone the function is known for any vector collinear to x;, (0X;, a€ R);
Namely, g(ox;) = og(xy).
If the dimension of the compensator is large an approximate g(x) should be considered.

For example, in the sequel an ellipse is used to approximate g(x) for the academic example in

section 4.2.3.
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More research is needed to determine how to choose the value of N so that the

quantization points are "enough” and to determine smart ways to approximate g(x).

STEP 2: Quantization of A(t):
At every time t;, the time-varying gain A(t) is such that 0 < A(t) < 1.Because of

computational limitations one must quantize the segment [0,1] with M points (Ay, . . ., Ay).

STEP 3: Calculation of A(nAt):
This is an on-line computation. At every time ngAt, the error vector e(ngAt) and the states
of the compensator x.(ngAt) are known exactly. Then
o if g(x.(ngAt)) < 1 then A(npAt) = 1.
s if g(x.(npAt)) = 1 then compute the following quantity

z = { g(Fx(ngAt)+BA.e(ngAt)) - g(x(npA))} (4.29)

The idea is to search (e.g. binary search) through all the A.'s to find the
maximum A, such that z < 0. Then use the max A, as A(npAt).

* if g(x (npAt)) 2 1 then search through all the A;'s and find the A, that minimizes
z (eq. 4.29) and use it as A(ngAt).

Two methods for computing A(t) were described. Although, the methods were direct
application of the theory and better methods may be possible, one can draw the following
conclusions.

In the first method (on-line calculations) the computation of g(x) is very accurate. Thus
if M is large the computation of A(t) is "almost" exact. This is true because the compensator is
known exactly (no modelling errors). The implementation of the method is simple and for low
order compensators the calculations are fairly fast. For large order compensators, if parallel

processing is available, the on-line calculations can also be fast. More research is needed to
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explore the applicability of this method.

In the second method (mostly off-line calculations) approximations were made for the
calculation of g(x). For low order compensators it is possible to approximate g(x) very well by
choosing large number N of points in R"; for large compensators this may not be possible so
approximate g(x) are necessary (n dimensional ellipsoids for example). For this case the on-

line computation is minimal, even for large M, and accurate.

4.2.3 Simulation of the Academic Example #1

The purpose of this example is to illustrate how the saturation can disturb the
directionality of the controls and alter the compensator inversion of the plant. The "academic"
plant G(s) has two zeros with low damping which the designed compensator K(s) cancels. In
addition, the compensator does not have any integrators so the windup phenomenon is not
expected to occur.

Consider the following state space representation of the plant G(s)

-5 1 0 1 1 0

. 2 3 2 0 0 O

Xt) = 0 s 2 1 x(t) + U1 u (t) (4.30)
| 1 15 0 -5] |0 18
0 24 31 1

y@©) = [ 1 6 -5 _2.8] x(1) (4.31)

ug(t) = sat(u(t)) (4.32)

Table 4.1 shows the poles and zeros of the plant G(s). Note the location and damping of

the zeros.
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Table 4.1 Poles and zeros of the plant

Poles
Real Imaginary Magni tude Damping
-5.7678E-01 0.0000E-01 S5.7678E-01 1.0000E+00
-2.2460E+00 O0.0000E-01 2.2460E+00 1.0000E+00
-2.7222E+00 0.0000E-01 2.7222E+00 1.0000E+00
-5.9550E+00 O0.0000E-01 S.95SO0E+00 1.0000E+00
Zeros
Real Imaginary Magni tude Damping
-5.4404E-01 2.4228E+00 2.4831E+00 2.1909E-01
~5.4404E-01 -2.4228E+00 2.4831E+00 2.1909E-01
2 more infinite
Singular values of the plant

T

o 01 Aeood— L L2 100

0.0t 0.1

N
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log mgmtude
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log @ (redisec)
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Figure 4.3: Singular values of the plant in the academic example #1.

Figure 4.3 shows the singular values of the open loop plant. Notice the effect of the two
resonant zeros of the plant in the singular values at approximately 2.5 rad/sec. A compensator
was designed to cancel the two resonant zeros of the plant. The compensator state space

representation is given by the following model
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. 22,6093  1.4180 29.8308  2.989
t) = .
%xO0=1 71476 15213 | %O | 687543 10,8387 | NP W ‘43D

-11
uw=4, = (4.34)

Table 4.2 shows the poles and zeros of the compensator K(s) when A(t) = 1. The

compensator has two states with poles at -.544 + j2.422. The eigenvectors of the poles are

collinear with the control direction of the transmission zero of the plant and thus, the

compensator cancels the zeros of the plant.

Table 4.2 Poles and zeros of the linear compensator

Poles

Real Imaginary Magni tude Damping
~5.4400E-01 2.4228E+00 2.4831E+00 2.1908E-01
-5.4400E-01 -2.4228E4+00 2.4831E+00 2.1908E-01

Zeros

no finite zeros
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Loop singular values
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Figure 4.4: Singular values of the loop transfer function in the academic example #1.

Figure 4.4 shows the singular values of the G(s)K(s) transfer function matrix. Since the
compensator cancels the poorly damped zero the antiresonance present in figure 4.3 is not
present in figure 4.4. Also, the compensator is designed so that the singular values of the
G(s)K(s) transfer function matrix are matched at low frequencies and thus, it is expected that
the response of the system is similar for low frequency references in all directions. Integrators
are not present in the loop and windup problems are not expected.

In this example, the saturation can disturb the cancellation of the plant zeros by the
compensator. Since both the plant and the compensator are stable the control structure with the
operator EG can be used to correct the problem. Figure 4.5 shows the closed loop system with

the operator EG at the error signals and saturation limits at 1.
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1(t) e(t) e,(® u(t) 1 u_(t) y(t)
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Error Governor sat
(EG)

Figure 4.5: Closed loop system for the academic example #1 with the EG.

Three simulations were performed for the closed loop system shown in figure 4.5. These

different simulations are as follows:

1)

2)

3)

In the first simulation A(t) = 1 and u(t) = ug(t). This is a simulation for a
linear time invariant closed loop system and is referred to as the simulation for
the linear system. It is assumed that the compensator K(s) was designed so
that the linear system would have desirable responses.

In the second simulation A(t) = 1 and ug(t) = sat(u(t)). This is a simulation
where the saturation element is added to the linear system without any other
modification. This simulation is referred to as the simulation for the system
with saturation.

In the third simulation ug(t) = sat(u(t)), and A(t) was computed on-line

by the method given in section 4.2.2. The computation was performed in
approximately three hours using a Macintosh 512K. This type of simulation is

referred to as the simulation of the system with saturation and the EG.
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Figure 4.6 shows the state trajectory of the compensator states for the simulation of the
linear system. Note that the states of the compensator do not remain within the B ¢ set so
there is a potential for the controls to saturate.

Figures 4.7 and 4.8 show the linear response of the outputs y(t) and the controls u(t)
respectively. The controls satisfy llu(t)ll,, > 1 at certain times and saturation is expected. It is
assumed that the output responses meet the specifications. Thus, we would like the outputs to

retain the relative shapes of figure 4.7 when we introduce the nonlinear saturations.

State trajectory for the academic example withr=[ .3.3]"
1.75 r - v -

1.05

| ]
. 0.35 7,

-035 |

-1.05 } ;

-1.75 - : : :
-1.75 -105 -035 035 1.05 175
X
1

Figure 4.6: State trajectory of the compensator states in the linear system, (r =[.3 .3]T).
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Output wWt)
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0.20

0.10

0.00

-0.10

Figure 4.7: Output response for the linear system, (r =[.3 .3]T).

Academic example (linear)

\ |70
y,(t)
|
0.00 2.00 4.00 6.00 8.00
Time (sec.)

Academic example (linear)

10.00

1.50
0.90 /\
g 0.30 [ \ /\\‘__/"\
g } AR RO
8 -0.30 \ /N
~0.90 ua(t)
-1.50 U
0.00 2.00 4.00 6.00 8.00
Time (sec.)

10.00

Figure 4.8: Controls in the linear system, (r ={.3 .3]T).
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Figure 4.9 shows the state trajectory of the compensator states for the simulation of the
system with saturation, it is clear that he states of the compensator do not remain within the
B, ¢ set. When the controls are saturated the direction of the controls is disturbed and the state
trajectory changes dramatically (compare figures 4.6 and 4.9).

Figures 4.10 and 4.11 show the response of the outputs and the controls respectively.
The controls have magnitude greater than one and consequently are saturating. In this example,
when saturation occurs, the direction of the controls is altered in such a way that even though
the original reference is [ .3 .3]T, the control direction at saturation drives the system
towards [.3 3T resulting in oscillatory behavior. The compensator does not have any
integrators to cause windups and the problems in the performance of the system are solely due
to the effects of the saturation upon the direction of the control vector.

Comparing the outputs, i.e. figures 4.7 and 4.10, we see that the shapes of the outputs in
figure 4.10 do not match those desired and shown in figure 4.7. Thus, in this case the impact

of saturation has produced an unacceptable output response.

State trajectory for the academic example withr={.3 .3]'r
3.00

1.80

0.60

-0.60

-1.80

-3.00

-3.00 -180 -0.60 0.60 1.80 3.00
X

Figure 4.9: State trajectory of the compensator states in the system with saturation, (r =[.3 .3]T).
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Figure 4.10: Output response for the system with saturation, (r =[.3 .3]T).
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Figure 4.11: Controls in the system with saturation, (r =[.3 .3]T).
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Figure 4.12 shows the compensator state trajectory for the simulation of the system with
saturation and the EG operator. The states of the compensator do remain within the B, ¢ set
so control saturation is not expected. In fact, the state trajectory remains on the boundary of the
B, ¢ set for a long period of time which implies that the controls will stay at their maximum
level for a long period of time.

Figures 4.13 and 4.14 show the response of the outputs and the controls respectively.
Note that the controls (the inputs to the saturation operator) do not cause saturation. Also note
that when u, reaches the value of -1, the control u, is reduced to the appropriate level so that
both controls will drive the output towards [.3 .3]T as desired. In effect, it is like having a
"smart multivariable saturation" instead of the SISO saturations in each channel. The net effect
can be seen easier in the output responses. Comparison of figure 4.13 with figure 4.7, shows
that the outputs have similar shapes (as desired), except that the outputs in figure 4.13 are
"slower" because the control magnitudes are smaller than those in the linear case (compare

figures 4.8 and 4.14).

State trajectory for the academic example withr=[ .3 .3 I

1.75
1.05 | B, .
0.35 } )
X, @/
-0.35
-1.05
-1.75 . A . .
-1.75 -1.05 -0.35 0.35 1.05 1.75

Xy

Figure 4.12:  State trajectory of the compensator states in the system
with saturation and the EG, (r =[.3 .3]").
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Academic example withr=[ .3 .3]T
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Figure 4.13: Output response for the system with saturation and the EG, (r =[.3 .3]T).
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Figure 4.14: Controls in the system with saturation and the EG, (r =[.3 .3]T).
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Figure 4.15 shows the real-time behavior of the gain A(t), computed on-line with the
method described in section 4.2.2, and used as the EG operator. At the beginning, A(t) is 1 and
the system is linear. When the states of the compensator are such that they may lead the
controls to saturate, A(t) becomes zero preventing the large errors to be driven by the
compensator. The controls at the same time remain at their maximum possible level ( lu(t)lloo =
1). Eventually, A(t) allows the compensator to accept more and more error, while at the same
time the controls are kept at maximum level. At the end, A(t) becomes 1 and the system

becomes linear time invariant again.

A (t) for the academic example withr=[ .3 .3]"

]]0 v v v v
{
0.88 1.2
0.66 0s ||
A(t) 06 }
0.44
03 |}
0.22 —. s .
0050 03 06 09 12 15
0.00 1 1 1

0.0 2.0 4.0 6.0 8.0 10.0
Time (sec.)

Figure 4.15: A(t) in the system with saturation and the EG, (r =[.3 .3]T).
Insert: Blowup with 0<t<1.5 sec.

Sometimes the exact B, ¢ set is difficult to compute and to store in a closed form so
approximations may be necessary, especially for compensators of large order. Consider an
approximation for the B, ¢ set, B'5 ¢, which is an ellipse given by eq. (3.13). Using this

ellipse approximation the same simulation (r =[.3 .3]T) was performed. Of course, the state
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trajectories should not be expected to remain within the approximate B', ¢.

The B', ¢ here was computed off-line (see eq. (3.13)) and then the on-line computation
(described in section 4.2.2) of A(t) was minimal. Using the Macintosh 512K the computation
for this simulation required only a few minutes.

Figure 4.16 shows the approximate B',  with the state trajectory of the compensator
states for the system with saturation and the EG operator. Figure 4.17 shows the actual B, ¢,
the approximate B', ¢, and the state trajectory of the compensator states. The state trajectory
does not remain inside B, ¢ for all t and the controls are expected to saturate a bit. The amount
that the controls will saturate and the amount that the state trajectory will go outside the B, ¢

set depends on how good the approximation is.

State trajectory for the academic example withr=[.3 .3]"

1.75
1.05 B*

%, 035 | ﬁ/>

-0.35

-1.05

-1.75 . - . .
-1.75 -105 -0.35 0.35 1.05 1.75
X,

Figure 4.16: State trajectory of the compensator states in the system

with saturation and EG using the approximate B' AcC Set, (r= [.3 .3]T).
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State trajectory for the academic example withr=[.3 .3]T
1.75

1.05 |

035 |

X,
-0.35

v

-1.05

-1.75 - . .
-1.75 -105 -035 035 105 175

Figure 4.17: State trajectory of the compensator states in the system

with saturation and EG using the approximate B', ¢ set, (r = [.3 .3]T).

Figure 4.18 and figure 4.19 show the output response and the controls for the simulation
withr=1{[.3 .3]T. By comparing figures 4.13-4.14 with figures 4.18-4.19 one can see that
the response of the system with the A(t) computed using the approximate B', ¢ is similar to
the response when the actual B, ¢ was used. Note that u, saturates for a small period of time
(luy(t)li = 1.08). The amount that the controls exceed the saturation limits depends on how
good the approximation of the B, ¢ set is. Again, u, is reduced when the states of the

compensator reach the boundary of B', c.
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Academic example (approximate A (t))
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Figure 4.18: Output response for the system
with saturation and EG using the approximate B', ¢ set, (r =[.3 .3]T).
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Figure 4.19: Output response for the system
with saturation and EG using the approximate B'5 ¢ set, (r =[.3 31D.
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For the same system, the academic example #1, another simulation was performed with
referencer =[ 0 3]T.

Figures 4.20 and 4.21 show the outputs and the controls of the linear closed loop
system. Again the linear system is assumed to meet all specifications. One can see that the
oscillatory mode of the compensator does not show in the output because it is canceled by the
plant. The controls do have oscillatory behavior and that is how the compensator cancels the
resonant zeros of the plant. This cancellation process is what the multiple saturation prevents
and the purpose of this simulation is to illustrate exactly that.

Figures 4.22 and 4.23 show the output and the controls of the system with saturation. It
is clear from the responses that the saturation ruins the cancellation of the plant resonant zero
from the compensator.

Figures 4.24 and 4.25 show the output and the controls of the system with saturation and
the EG operator. By comparing figures 4.20 and 4.21 with figures 4.24 and 4.25 one can see
that the response of the system with saturation and the EG is similar in nature (and slower) to
the response of the linear system. In this case both u; and u, reached their maximum allowable
value. When this happened, in both cases, the other control was adjusted in a special way to
drive the output towards [0 3]T.

Figure 4.26 shows the A(t) that resulted in the responses of figures 4.24 and 4.25 while
figure 4.27 shows the state trajectory of the compensator states. The state trajectory "hit" the
boundary of B, ¢ twice and that is why A(t) in figure 4.26 was drastically decreased from

unity twice, at about t =0 and t = 1 seconds.
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Output K1)

Control u(t)

Academic example withr=[ 0 3]'r
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Figure 4.20: Output response for the linear system, ( r = [0 3]T ).
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Academic example withr=[ 0 3]"
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Figure 4.21: Controls in the linear system, (r = [0 3]T).
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Academic example withr=[0 3]T
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Figure 4.22: Output response for the system with saturation, (r = [0 3]T).
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Figure 4.23: Controls in the system with saturation, (r = [0 3]1.).
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Output y(t)

Academic example withr=[ 0 3] T
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Figure 4.24: Output response for the system with saturation and the EG, (r = [0 3]T).

Figure 4.25: Controls in the system with saturation and the EG, (r = [0 3]T).
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A(t) for the academic example with r=[ 0 31"
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Figure 4.26: A(t) in the system with saturation and the EG, (r = [0 31H.
Insert: Blowup with 0 <t < 2.5 sec.

State Trajectory for the academic example vithr=[ 0 3]T
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Figure 4.27: State trajectory of the compensator states for the system

with saturation and the EG, (r =[0 3]
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4.2.4 Simulation of a M
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The purpose of this example is to illustrate the effects of multiple saturations on the

directions of the controls and consequently on the response of the control system and the

integrator windup phenomenon. The simulation confirms our claim that the integrators in the

control system with the EG never windup, and that the saturation does not effect the direction

of the controls when the EG operator is used.

Consider a model of the longitudinal dynamics of the F8 aircraft. A flaperon has been

added which does not exist in the F8 prototype. The state equations are given by

[ -0.8
. 0
X(t) = 1

|1

[0 0
y® = 0 o

ug(t) = sat(u(t))

and in compact form

-.0006

-.014

-.0001
0

0
-1

x(1) = AX(t) + Bug(t)

- ¥y® =Cx()

where

-12
-16.64
-1.5
0
1
1 [¥®

0
-32.2
0
0

-l

x(t) +

[ -19
-.66
-.16

0

u,(t)

(4.35)

(4.36)

4.37)

(4.38)
(4.39)
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8,1) elevator angle (deg) limit at 25°

Controls u(t) = (4.40)
(1) flaperon angle (deg) limit at 25°

6(t) pitch angle (rad)

Outputs y(t) = »
vty  flight path angle (rad) (4.41)

-

[ q(t) pitch rate (rad/sec)
v(t) forward velocity (ft/sec)

StatesX()=| @  angle of attack (rad) (4.42)
] o) pitch angle (rad)
Singular values of the F8 model

1000
o \
g ) \\—‘\
& 0.1 B—— N

\ \
0.001 Jood L 3 2022 J i 1 23341 Aot aasasal 4 3 224990
0.01 0.1 1.0 10 100

log w (rad/sec)

Figure 4.28: Singular values of the F8 model.

Figure 4.28 shows the singular values of the F8 linear model. The model has four stable
poles and one transmission zero as it is shown in Table 4.3. Assume that a closed loop system

has to be designed for the F8 model to follow pitch and flight path angle commands. Also
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assume that zero steady state error is required for step commands. The control system to be
designed, should be thought as a semi-realistic MIMO controller so as to test the new design

methodology introduced in this section.

The design process is the following. First, linear control theory will be used to design the
closed loop system. Then the linear compensator will be modified with the EG operator.
Finally, simulations of the closed loop system will be performed to assess the benefits of the

new design methodology.

Table 4.3 Poles and zeros of the F8 model

Poles

Real Imaginary Magni tude Damping
-5.7744E-03 2.6425E-02 2.7049E-02 2. 1348E-01
=5.7744E-03 -2.6425E-02 2.7049E-02 2.1348E-01
-1.1S512E+00 3.4464E+00 3.6336E+00 3. 1683E-01
=1.1512E+00 ~3.4464E+00 3.6336E+00 3.1683E-01

Zeros

Real Imaginary Magni tude Damping
-1.3900E-02 0.0000E-01 1.3900E-02 1.0000E+00
3 more infinite

To obtain the required linear control system the saturation is ignored (ug(t) = u(t)) and,
two integrators were added at the controls. The augmented system (sixth order) is given by the

following

x (0 = A x(t) + Bu (1)

(4.43)

y(t) = C x() (4.44)
I

u(t) = 5 u () (4.45)

where
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0 0 I
A‘ = B A B. = 0 C. = [ 0 C]

Next, a linear compensator was designed for the augmented system to control the pitch
angle and flight path angle. The LQG/LTR methodology was used to design the compensator

which is computed as follows:.

K(s) = G[ sI-A,-B,G-HC, ]'H (4.46)
I
K,(s) = 5 K(s) (4.47)
where

[ .844 819

-11.54 13.47

-.86 .25 -5223 -336 73.1 -0006 -943 1072

H= =

-47.4 15 G 336 -297 -2.19 -006 9089 -921
4.68 -4.8
| 4.82 14

The LQG/LTR compensator K(s) has six poles and four transmission zeros as it shown
in Table 4.4; note that it is stable and that cancels part of the F8 dynamics. From now on we
assume that the G(s)K,(s) is the desired forward loop transfer matrix, and that we would like
to mimic (to the extent possible) the transient response of this linear feedback system even in
the presence of saturations. Figure 4.29 shows the singular values of the resulting loop transfer

function matrix G(s)K(s).
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Table 4.4 Poles and zeros of the F8 linear compensator
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Poles
Real Imaginary Magni tude Damping
-1.3900E-02 O0.0000E-01 1.3900E-02 1.0000E+00
-1.7507E+01 1.7683E+01 2.4884E+01 7.0357E-O1
-1.7507E+01 -1.7683E+01 2.4884E+01 7.0357E-O1
-1.4195E+01 2.5572E+01 2.9248E+01 4.8534E-01
~1.419S5E+01 ~2.S572E+01 2.9248E+01 4.8534E-01
-3.0585E+01 O0.0000E-01 3.0585E+01 1.0000E+00
Zeros
Real Imaginary Magni tude Damping
-1.3964E-02 0.0000E-01 1.3964E-02 1.0000E+00
-6. 1S40E-02 O0.0000E-01 6. 1540E-02 1.0000E+00
-9.65S00E-01 3.3244E+00 3.4617E+00 2.7877E-01
-9.6500E-01 —-3.3244E+00 3.4617E+00 2.7877E-01
2 more infinite
Loop singular values
E+04
100
é \
'§o \
0.01 \\\
E._°4l L Ld L 2 ity '] L1 1 821 1 [

1.0 10 100

log w (red/sec)

0.01 0.1

Figure 4.29: Singular values of the loop transfer function in the F8 closed loop system

~ To prevent control saturations, the Error Governor (the A(t) time-varying gain) is added
to the feedback system at the error signal e(t). The construction of A(t) is possible because the
compensator K(s) is neutrally stable and finite gain stability is guaranteed because in addition
the plant G(s) is stable. Figure 4.30 shows the closed loop system for the F8 model with the

EG operator.
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() e(t) e, ERON e RO N gaeer u () y(®)
K@) ™ ? > 25" —> F8 >

) Error Governor sat
(EG)

Figure 4.30: Closed loop system for the F8 example with the EG.

The result is a multivariable control system with integrators in the forward loop. In the
presence of saturation, and without the EG operator, integrator windups would be expected
and the direction of the control vector would be distorted.

Three different simulations were performed to evaluate the design methodology. The EG
operator in these simulations was computed entirely on-line as discussed in section 4.2.2. The
simulations were performed in the Macintosh 512K and the computation of the EG operator
required approximately eight hours.

First, the closed loop system was simulated with reference vectorr=[ 10  10]T.
Figures 4.31 and 4.32 show the linear output and control responses. As expected from the
singular values of G(s)K,(s), both outputs behave similarly and it is assumed that this type of
an output response satisfies the posed constraints. Note that the controls have "impulsive”
action at the beginning, and they violate the +25° limit; thus saturation is expected.

Figures 4.33 and 4.34 show the outputs and controls of the system with saturation. From
the oscillations in the output response it can be inferred that the integrators windup. In addition,
the direction of the output is disturbed and the outputs are "not matched"” any more (compare
figures 4.31 and 4.33).

Figures 4.35 and 4.36 show the output and control responses of the system with
saturation and the EG operator. Compare figures 4.31 and 4.35 and notice how the outputs are

similar in shape (as it was desired), in addition to the fact that there are no integrator windups.
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The output response has of course slower rise time, since we must use smaller controls, but the
nature of the response is similar to the linear one. The controls u(t) in figure 4.36 never exceed
the limits of the saturation; and when the flaperon 8t) reaches 25° the elevator §,(t) remains
almost constant until 3¢(t) unsaturates. The direction of the controls during that period of time is
such that drives the plant output towards the command [10 IO]T. The system behaves like
having "a smart multivariable saturation”.

Figure 4.37 shows the A(t) that was computed with the method described in sections
4.2.1 and 4.2.3. Note that the error is almost completely "turned-off™ at about .05 seconds.

The gain A(t) then increases slowly towards unity and the system operates linearly again.
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Figure 4.31: Output response for the F8 linear system, (r =[ 10 10 ]7).
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Figure 4.32: Controls in the F8 linear system, (r =[ 10 10 1D.
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Ouput )(t) (degrees)

Output of the closed loop system withr=[10 10]"
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Figure 4.33: Output response for the F8 system with saturation, (r =[ 10 10]T).
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Figure 4.34: Controls in the F8 system with saturation, (r = [ 10 10 ]T).
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Output in the F8 closed loop system withr=[ 10 10 1"
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Figure 4.35: Output response of the F8 system with saturation and the EG, (r =[10 1017).
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Figure 4.36: Controls in the F8 system with saturation and the EG, (r =[10 10]T).
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A() for the F8 closed loop withr=[ 10 10]T
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Figure 4.37: A(t) in the F8 system with saturation and the EG, (r =[10 10]T).

Insert: Blowup with 0 <t <.75 sec.

A second simulation was performed with the F8 feedback system with the references
beingr=[0 5]T which corresponds to a command for a constant flight path angle, keeping
the fuselage pitch zero (at trim). Figures 4.38 through 4.44 show the responses obtained from
this simulation. Similar conclusions can be made from this set of simulations regarding the
benefits of the EG operator. The EG operator eliminates windup problems and makes the

outputs mimic those of the purely linear design (compare figures 4.38 and 4.42).
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Output of the F8 closed loop system withr=[ 0 5]
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Figure 4.38: Output response for the F8 linear system, (r = [0
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Figure 4.39: Controls in the F8 linear system, (r =[0  5]T).
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Output of the F8 closed loop system withr=[ 0 5 ]T
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Figure 4.40: Output response for the F8 system with saturation, (r =[0  5]T).
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Figure 4.41: Controls in the F8 system with saturation, (r =[0  5]7T).
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Output for the F8 closed loop system withr=[ 0 5]
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Figure 4.42: Output response for the F8 system with saturation and the EG, (r = [0 S]T).

Control for the F8 closed loop system withr=[ 0 5]
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Figure 4.43: Controls in the F8 system with saturation and the EG, (r=[0  5]").
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Figure 4.44: A(t) in the F8 system with saturation and the EG, (r = [0 5]T).

Insert : Blowup with 0 <t < .5 sec.

4.3 Concluding Remarks

In this chapter a new design methodology, the EG operator, has been introduced and
illustrated for plants with multiple control magnitude saturations. The new control structure is
useful for control systems with stable open loop plants and neutrally stable compensators.

The controllers that arise from the new methodology never cause the controls signals to
saturate and, consequently, integrator windups are not possible. In addition, the proper
direction of the controls (altered by saturation) is restored with the new controller. These
desirable properties hold for any reference and input or output disturbance signal.

The new design methodology was demonstrated for an academic example and for a

model of the F8 aircraft. In both cases, the control systems had the properties promised by the
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methodology and the performance of the designs was substantially improved, compared with

the uncompensated control system with multiple saturations.

P N
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CHAPTER §
CONTROL STRUCTURE WITH THE OPERATOR RG

5.1 Introduction

In this section we introduce two new control structures for plants with saturating
actuators. The first control structure includes a Rate Governor (RG) operator (i.e. a time-
varying rate) at the reference signals. This new controller can be used for any stable linear
closed loop system. An analysis of the effects of the RG operator on the closed loop system
will be performed. A second control structure includes both the EG and RG operators and it
can be used for any linear feedback system with a neutrally stable linear compensator.

In both the control structures the idea is to keep the system linear when the references
and/or the disturbances are "small". The operators RG and/or EG will ensure that for "large”
exogenous signals the control signals never saturate.

The new control structures have inherent properties (BIBO stability, no integrator
windups etc.) which will be discussed and demonstrated via a simulation of the unstable F16

aircraft.

5.2 Description of the Control Structure with the Operator RG

The control structure with the operator EG, described in chapter 4, can be applied to
modify linear control systems with stable plants and neutrally stable compensators. The
structure cannot be used for feedback systems with unstable plants or unstable compensators.
Thus, a new design procedure is needed to handle these systems. A proposed structure is
shown in figure 5.1 where a Reference Governor will mask out "large" references so they will

not enter into the closed loop system. Choosing the Reference governor appropriately one can
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ensure that the controls never saturate so that the feedback system operates linearly.

1(t) 1,0« u(t) u (v y(®)
K(s) — sat [—» G(s) >
compensator  saturation plant

Figure 5.1: Control structure with the RG operator

To facilitate our discussion let us assume the following models for the systems shown in

figure 5.1.
Plant model:
x(t) = Ax(t) + Bug(t) (5.1)
y(t) = Cx(t) (5.2)
Compensator model:
Xe(t) = AX () + Bee(® (5.3)
u(t) = Ccx(1) (5.4)
e() = r,(1) - y( (5.5)
Saturation model:
u (t) = sat(u(t)) (5.6)

where r(t) are the reference signals, y(t) are the output signals, u(t) are the control signals

generated by the compensator, ug(t) are the saturated (output of the saturation ) control signals.

In addition, consider the linear closed loop system (i.e the system without the saturation)
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with the controls as output and assume the following representation

Xai(t) = Ag Xg (1) + Bar(t) (5.7)
u(t) = Cq Xei(1) (5.8)
X
C
where xcl =
X
B
A, -BC ¢
_ _ 1 C 0
Ag = BC A B, = Ca [ € ]
[ J
0

Observing closely the closed loop representation, egs. (5.7)-(5.8), one may think that the
time-varying gain A(t) can be used as a Reference Govemnor. This is reasonable because the
system (5.7)-(5.8) is linear, its input is the reference signal r(t) and its output is the control
signal u(t). Therefore, the time-varying gain A(t) can be used to modify the references so that
the controls never saturate.

Although the above reasoning is true, the resulting control system would be very
conservative in the following sense. The states of the closed loop system, and thus the outputs,
cannot reach "large" values to track analogous "large" references because if the references are
reduced suddenly, the controls will saturate. For example, assume the case where a step
reference of r is to be followed; also assume that the required linear controls, to track r, exceed
their limits for some time, and that their steady state value are within the saturation limits. If it

was possible, with A(t), to track such reference without saturating, the following would be



Chapter 5 Page 120

true. At steady state, one could change the reference from r to 0 and A(t) would not modify the
reference signal, consequently the controls would saturate. The construction of A(t) guarantees
that the controls never saturate so the system would not be able to follow the "large” reference r
and instead it would follow a reference smaller in magnitude.

The objective of any control system is to keep the tracking error e(t) "small", therefore in
the Error Governor case the time-varying gain A(t) can be used without any problems. In
addition to the magnitude of the references, the RG operator should be able to modify the rate
as well. In such a case, possible reductions in the references would not cause any problems
because the rate of the reduction could be modified.

Following the discussion of section 3.4 one can inject a time varying rate JL(t) at the

inputs of a linear time invariant system and the outputs of that system will remain bounded.
Consider the closed loop system (5.7)-(5.8) and assume that a time-varying rate (5.9)-(5.11) is

introduced at the references as shown in figure 5.2

I rp(t) K©) u(t)

G(s)

Figure 5.2: The basic system for calculating i(t).

Z(1t) = (e (t) (5.9)
e(t)=r()- ru(t) (5.10)
ru(t) = z(t) (5.11)

As in section 3.4, the time varying gain i(t) will be chosen so that if r(t) is small enough
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never to cause control saturation then r(t) = ru(t), in contrast, if r(t) is large, then pu(t) will limit
the references so that the controls will remain bounded. We now combine the dynamics of the

rate limiter (5.9)-(5.11) with the dynamics of the closed loop system (5.7)-(5.8) to obtain an

augmented system
X,(0) = A X, (D+Bu(t)e (1) (5.12)
u(t) = Cpx,(t) (5.13)
where

z(t) 0 0 1 0 c
x.(t) B xcl(t) A": Bcl Acl B. - [ 0 :I Ca - [ d]

The objective here is to construct pi(t), 0 < pu(t) < oo, in such a way so that for any error
e (t) the controls u(t) never saturates. This is similar to designing a time-varying rate so that the
output of a linear system remains bounded (section 3.4). At first, a function g(x) and a set
B,,c have to be defined. The symbols g(x) and B ¢ should be thought as generic symbols

and, when they are used, they are always defined to avoid confusion.

8(xa0): 8(Xg0) = [lu(lloo (5.14)
where X (1) = A X, (1); x,(0) = x,0 (5.15)
u(t) = C,.x,(t) (5.16)
Byc={x gx)<1} (5.17)

For the function g(x) to be finite the linear system in eq. (5.15) has to be neutrally

stable. This is always true for any compensator and any plant provided that the linear closed



Chapter 5 Page 122

loop system is stable. Even if the plant is unstable the compensator has been designed to
stabilize it and the system (5.15) is always neutrally stable. Therefore, the Reference Governor
can be used in all cases as shown in table 3.1. With g(x) neutrally stable, as in section 3.4, the

construction of p(t) is given by:

Construction of I(t):

For every time t choose p(t) as follows

a) if x,(t)e IntB 4 ¢ then L(t) = o which implies that r(t) = ru(t) (5.18)
b) if x,(t)e BdB AC then choose the largest pi(t) such that (5.19)
O0<Sput) Seo

sup g(x, M+l X, ()+B u(e 1]) - g(x (1) <0
e->0 2 (5.20)

or for the points where g(x) is differentiable choose j1(t) such that
O<Su(t) <eo (5.21)
Dg(x,()[Agx,(t)+Byp(tle (D] <O V>0 (5.22)
where Dg(x,(t)) is the Jacobian matrix of g(x,(t)) as in definition 3.2.
c) if x,(t)e B, ¢ then choose Ju(t), 0 < u(t) < o such that the expression (5.20) is

minimum,

The closed loop system with the RG operator (shown in figure 5.3) has the following
good properties.

a) The controls in the closed loop system will never exceed the limits of
the saturation and thus the direction of the control vector is not affected by the saturation.
Hence, any inversion of the plant by the compensator is not prevented.

b) Integrators or slow dynamics in the compensator do not windup.
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The main disadvantage of this method is that the construction of |i(t) requires the
measurement of the plant states. More research is needed to assess if estimates of the states can
be used to approximate the real pu(t). The computational requirements for the operator RG are
larger that the ones for the operator EG. This is so because A(t) is computed using the
compensator states while p(t) is computed using both the states of the plant and the
compensator. In section 5.2.2 the computation requirements for p(t) will be discussed in detail.

As it was stated previously, this control structure can be used for any plant and any
compensator as long as the linear closed loop system is stable (true for all sensible control
systems). Because it is more difficult to compute pi(t) than A(t), it is recommended to use the
control structure with the operator RG in feedback system with unstable plants and/or unstable

compensator only.

rp('t)
N
mme - - - Logic (@----- R et 5
1(t) I 1M e : u(t) u () : y(®
5 " > K(s) sat —» G(s) >

Reference Governor
RG)

Figure 5.3: Control structure with the operator RG.

5.2.1 Stability Analysis for the Control Structure With the RG

The simple closed loop system form r(t) to r,(t) (which is part of figure 5.3) is given by
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the following:

Z(t) = p((r (o) - z(t)) (5.23)
ru(t) = (t) (5.24)

The system (5.23)-(5.24) is a BIBO stable system, i.e. for bounded r(t) the signal ry(t) is
also bounded. This can be shown formally by using Lyapunov stability theory with a
Lyapunov function of V = zT(t)z(t) where V= 2u)zT(D)(r(t) - z(t)). If r(t) is bounded the
function V is negative definite for large z(t) and thus, z(t) will be bounded.

With the RG operator the controls never saturate so the system from r,,(t) to y(t) (which
is part of figure 5.3) is a linear system; it is also assumed to be stable since one of the purposes
of K(s) is to stabilize the linear feedback system. As a result, the control system from r(t) to
y(t) is BIBO stable. This is an important fact because when the open loop plant is unstable the
linear control system in the present of saturation may not be BIBO stable for all reference
signals.

Since the RG operator is outside of the closed loop system, when disturbances are
present one cannot guarantee that the control will not saturate. In fact, there always exists a
disturbance that will cause saturation and instability. The stability theory described in chapter 2
will now be used to show the trade-offs between "good" command following and "good"
disturbance rejection. Figure 5.4 show the closed loop system with the RG operator and output
disturbances. The following analysis was done only for output disturbances, similar analysis

can be performed for other type of disturbances as well.
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r,®
--Y
EEEE R » Logic (@ ----- e LT |
! Lo ! Ao
r(t) 10 ey [0 O] *¥ Y0
5 > » K(s) sat —» G(s) > —

Reference Governor
(RG)

Figure 5.4: Control structure with the operator RG and output disturbances.

It is clear that if r(t) is chosen so that the controls will reach the saturation limits, then
there is a disturbance with lld(t)ll, < €, V& > 0 such that the controls will exceed the limits of
the saturation. To avoid that, one can introduce an artificial saturation level s = [ s; sm]T with
s; < 1 and choose (1) so that the references will never cause the controls of the system to
exceed the artificial saturation limit s. Then L., bounds can be defined, as we shall do in
theorem 5.1, for the disturbances so that if the disturbances do not violate those L., bounds the
controls will always remain within the real saturation limits.

In effect, the controls action can be used, partly, to track commands (lly;(t)lle < s;) and,
partly, to reject disturbances (lly;()lloo < 1-s;). The artificial saturation s is "reserving" part of
the control action for command following and the rest of the control action is used for

disturbance rejection. In theorem 5.1 the relationship (trade-offs) between s and the L., bound

on the disturbances that can be rejected will be given.

~ To ensure that only part of the control is used for command following the operator RG
can be used to guarantee that llu;(t)ll., < s;. The computation of pu(t) for this case is similar to the

case where the saturation limit is 1. For example, in the computation of JL(t) one could scale the
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compensator so that the control saturation limits instead of s they would be 1. In the

implementation, by rescaling the compensator, the actual saturation levels will be s again.

Theorem 5.1:

If the RG operator is used in any feedback system so that the controls (s < '5y), for
some vector s the following is true. With zero initial conditions, the closed loop system with
the RG operator will have bounded controls (Ilu(t)e < 1) and bounded outputs for any

reference and for output disturbances that satisfy the following condition.

5, 1 RO W | 1 1

B T R . <}-- (5.25)
S ih_ I ....Ilh I tid_Hl 1
m ml'l mm 1 m eo

where h;; is impulse response of the ijth element of the following transfer function matrix
H(s) = [I + K(s)G(s)] " K(s) (5.26)

Proof:

O] T RS (5.27)
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By following similar manipulations as the ones for the proof of Theorem 2.1 one can

obtain the following
m m
e, (O < lehijlll Ie 1, + zllhijlll TR 52
]= J=

Since ru(t) is chosen so that the controls u(t) will never exceed the artificial limit s the

following is true.

m
lhu, (o)l < ;Hhij"l d I +s, (5.29)
J=

For the controls to remain bounded (llu(t)ll., < 1) the following has to be true.

m
Ol < ZIlhijlll a0 +5, < 1
= (5.30)

then eq. (5.30) is a compact version of eq. (5.25).
m

From the previous discussion theorem 5.1 can be used to illustrate the trade-offs between
"good" command following and "good" disturbance rejection. There are two ways to use
theorem 5.1

(a) If we know upper bounds on the output disturbances that exist in the operating



Chapter 5 Page 128
environment of the control system, the following is true; one can compute the artificial
saturation s so that all possible disturbances will be rejected. These upper bounds usually come

from experimental data and the specific operating environment of the system. Then the vector s

is computed by the following:
s, LW | T A U 1
R B T A AR . + 1. (531)
S, M. Wb i 1

An operator RG will be included in the control system to guarantee that the references
w"ill never cause the controls to exceed the artificial saturation s. In this context, if s;, for some
i, is negative then there exists a disturbance that will cause the system to saturate even if r(t) =
0 for all t. If s; is positive, for all i, then there is a disturbance (d;(t) = lld;(t)llosign(h;y), for
some i) with magnitude within the specified upper bounds and some reference, to cause the
controls to reach the limits of the real saturation (+1). In that sense theorem 5.1 is not
conservative.

(b) If the disturbances are not known then the control designer has to define the artificial
saturation s. The value of s should be specified so that with, llu(t)ll,, <s, there is "enough”
control action for the system to perform (command following) well. One can compute s by
using experimental data, the specifications of the control system, and the specific application.
For example, if we have a stable plant G-1(s), where G-1(0) exists, and it is desired to track
command with steady state value of r then s = G-1(0)r. With the value of s one can compute

an upper bound for the disturbances that will never cause saturation (+1) as follows:
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M ... by 0 [N 17 [s

........... .. <l..1-] .. (5.32)

Ll i il [ ] ] s

From theorem 5.1 (expression 5.25) is evident that the smaller the disturbances (in the
operating environment of the system) the better the command following. More research is
needed to find out if the vector s can be time varying so as it adapts to changes in the operating
environment of the system. For example, if larger disturbances are present for some period of
time it may be possible to decrease the value of s for that period and allow the controller to
reject larger disturbances.

In addition to disturbances, modelling errors can cause the feedback system to saturate
and thus degrade the performance or even to drive the system unstable. At this point, it is not
clear how to define a class of modelling errors so that the closed loop system with the RG

operator will remain stable in the presence of those modelling errors. But one can extent the
idea for handling the disturbances to the case where modelling errors are present. To be more
specific, one can adjust the artificial saturation levels s;'s to lower levels; at the expense of
command following the stability robustness of tﬁe control system will increase. Engineering
intuition and simulations have to be used to find the exact level of the s;'s and the modelling
errors that can be handled.
Remember that with the EG operator for stable "true" plants and/or stable unmodelled
dynamics stability (finite gain) robustness was guaranteed. That is another reason (in addition

to the complexity of RG) to use the EG operator instead of the RG operator for control systems

with stable plants and neutrally stable compensators.
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2.2 m ion of rator R

The computation of the RG operator can be implemented with similar techniques as the
ones used to implement the operator EG (in section 4.2.2). The only difference is that the
augmented system (5.12)-(5.13) is used for the computations instead of the compensator.
Therefore, the state vector of the augmented system x,(t) is used instead of just the
compensator state vector x.(t) and the reference r(t) is used instead of the error e(t).

For the RG operator the states of the compensator and the states of the plant have to be
measured. It may be possible to use state estimates of the plant to compute an approximate Ji(t)
and more research is needed in this area to find the effects of the estimates on the computation
of the operator J(t).

For the simulations in this chapter the computations were performed on-line in the

Macintosh 512K.

2 imulation of th Air

As it was described previously the introduction of the saturation in the a closed loop
system when the open loop plant is unstable can
(a) cause instability of the closed loop system
(b) cause integrator windups
(c) alter the directions of the controls and thus affect the performance of the system.

The purpose of the next example is to illustrate these problems and to show how the new
control design method solves these problems.

Consider a model of the AFTI-16 (Advanced Fighter Technology Integration) aircraft,
which is a modified F-16 aircraft. The following linear time invariant model is an
approximation of the aircraft longitudinal dynamics at 3,000 ft altitude and .6 Mach velocity
[43].
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[ -.0151 -60.5651 0 -32.174 [ 2516  -13.136 ]
. -0001 -1.3411 9929 0 -.1689 -2514
t) = t t
W=| 00018 432541 -86939 0 | OF| 17251 -1.5766 |
0 0 1 0 0 0
- - - - (5.33)
0 1 0 O
yi) = 0 0 0 1 x(t)
(5.34)
and in compact form
x(t) = Ax(t) + Bug(t) (5.35)
y(® = Cx(t) (5.36)
where
[ u(t) forward velocity (ft/sec) |
ot) angle of attack (deg)
x(t) = .
q(t) pitch rate (deg/sec)
0 itch angle (deg)
- ® P g - (5.37)
[ 5 (t) elevator angle (deg)  Limit at 25°
u) = o
d(t) flaperonangle (deg) limit at 25
| (5.38)
, | o(t) angle of attack (deg)
y®) = .
o) pitch angle (deg)

(5.39)
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As shown in Table 5.1 the model has three unstable poles, one stable one and one
minimum phase transmission zero. Figure 5.5 shows the singular values of the F16 linear
model. Assume that we wish to design a closed loop system so that the F16 follows angle of

attack and pitch attitude with zero steady state error required for step commands.

Table 5.1 Poles and zeros of the F16 model

Poles

Real Imaginary Magni tude Damping
7.5054E-03 6.8019E-02 6.8432E-02 -1.0968E-01
7.5054E-03 -6.8019E-02 6.8432E-02 -1.0968E~-01
S$.4533E+00 0.0000E-01 S.4533E+00 -1.0000E+00

~7.6638E+00 0.0000E-01 7.6638E+00 1.0000E+00

Zeros

Real Imaginary Magni tude Damping
-5.4188E-01 0.0000E-01 S$.4188E-01 1.0000E+00
3 more infinite

Singular values of the F16 model
E+0S
1000
g. 10 \\
5 0.1 \
0.001 O Ll L 111l L)1 11111 L3 1z

0.01 0.1 1.0 10 100
log w (radisec)

Figure 5.5: Singular values of the F16 model.

Linear control theory will be used to design the closed loop system, then the linear design
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will be modified as indicated in section 5.2 with a time varying rate p(t). Finally, simulations
will be performed to assess the benefits of the new design methodology.

To obtain the linear closed loop system, integrators have to be added at the controls; and
the augmented system is given by the following

x (O =AX®+Bu®

(5.40)
y® =C.x, 1
(5.41)
I
u® =~ u, (5.42)

where

A linear compensator was designed for the augmented system to control the angle of
attack and the pitch angle tracking errors. The LQG/LTR methodology was used to design the

compensator, whose numerical specification is as follows:

K(s) = G[sI-A,-B,G -HC,]'H (5.43)

I
K.(s) = 5 K(s)
(5.44)
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[ 1.6144 -2.5463 ]
-7.1687 7.5901
-15.808 -149.5065 563 8.37
H= G=
5.924 5.1557 837 192
37.0141  40.7261
| 5.1557 74747 |

0014
0115

-535.6
-791.35
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-88.67 -908.22
-12.96 418.46

Table 5.2 shows the poles and transmission zeros of the compensator. Note that the compensator

partially inverts the stable part of the open loop plant. To be more specific, the compensator cancels

the stable pole and the minimum phase transmission zero of the plant.

Table 5.2 Poles and zeros of the F16 linear compensator

Poles

Imaginary
-5.4188E-01 0.0000E-O1
-1.3184E+01 2.3468BE+01
-1.3184E+01 —2.3468E+01
-2.9587£+01 0.0000E-01
-9.7?S53E+01 9.7639E+01
~Q.7553E+01 -9.7639E+01

Real

Zeros

Real Imaginary
-5.4485E-01 0.0000E-O1
-4 _9996E+00 1.6683E+00
-4 .9996E+00 -1.6683E+00
—=7.2543E+00 0.0000E-01

2 more infinite

Magni tude
S5.4188E-01
2.6918E+01
2.6918E+01
2.9587E+01
1.3802E+02
1.3802E+02

Magni tude
5.4485E-01
S.2706E+00
5.2706E+00
7.2543E+00

N e P

Damping

.0000E+00
.8980E-01
.8980E-01
.0000E+00
.068B0E-01
.0680E-01

Damp ing

.0000E+00
.4858E-01
.4858E-01
.0000E+00

|
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Loop singular values
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Figure 5.6: Singular values of the loop transfer function in the F16 closed loop system.

Figure 5.6 shows the singular values of the loop transfer function matrix G(s)K(s) of the
linear control system. It is assumed that the G(s)K(s) loop is the desired forward loop transfer

matrix. If it is not, then the linear compensator has to be redesigned. Figure 5.7 shows the

control feedback system with the RG operator.

e(t) u, O 1 Ju® [ 2 u () y(®

KG) > — —»{ F16 [—»

Figure 5.7: Closed loop system for the F16 example with RG.
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We now deal with a multivariable control system for an unstable open loop plant with
integrators and a saturation element in the forward loop. Without the RG operator the control
system is expected to have the following problems (a) for certain references r(t) the outputs
y(t) will be unbounded, (b) integrator windups may be present, and (c) the saturation can alter
the direction of the controls and thus degrade the transient performance of the system.

Three types of simulation were performed for the closed loop system shown in figure
5.7. These different types of simulation are the following:

1) The first simulation is for the linear system. Again we assume that the
compensator K(s) we designed yields desirable linear responses.

2) In the second simulation the saturation element is added to the linear system,
u,(t) = sat(u(t)), without any other modifications. This simulation is referred to
as the simulation for the system with saturation.

3) In the third simulation u(t) = sat(u(t)), and pi(t) is computed entirely on-line by
the method given in section 5.2.2. The simulation was performed in a
Macintosh 512K and it required approximately 15-16 hours. This simulation is

referred to as the simulation of the system with saturation and the RG.

At first, the linear system was simulated forr =[ 0 IO]T corresponding to a 10° pitch
angle with zero (trim) angle of attack. Figures 5.8 and 5.9 show the output and control
responses of the linear system. Note that the controls have "impulsive" action at the beginning
and they exceed by far the 25° limits so saturation is expected. Also note that the maximum
flaperon control value is approximately 83°.

We remark that the quality of the linear output transients (figure 5.8) are not particularly
"nice" due to the overshoots present. However, for the sake of comparisons that follow we
shall assume that they represent desirable shapes.

Figures 5.10 and 5.11 show the output and control responses of the system with
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saturation. The closed loop system for the reference inputr=[0 10]'r is unstable. Note that,
in general, when the open loop system is unstable and saturation at the controls is present the
resulting control system is only locally stable.

Figures 5.12 and 5.13 show the output and control responses of the system with
saturation and the RG operator. The stability of the closed loop control system is recovered and
the shape of the transient response is similar ( but slower, as expected) to the linear response.
Compare figures 5.8 and 5.12; they are almost identical !!!. Also, the controls u(t) never
exceed the saturation limits, as guaranteed by the design methodology.

Figure 5.14 show the modified reference r,5(t). Since the first reference is zero the r,;(t)
is zero V't and it was not plotted. Note that the 1,,(t), commanded pitch attitude, starts at =3°
and ramps up to the desired steady state value of 10°. The reason that the r, ,(t) is initially ~3°
is because the linear system with an r,,(t) of ~3° will have controls with maximum at =25°
(remember that with an r,,(t) of =10° the controls had a maximum value of =83°). Then as the
outputs follow the modified references the r,,(t) approaches r(t) in such a way that the controls

will never exceed the saturation limits.
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Qutput y(t) for the F16 closed loop system withr=[ 0 10]T
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Figure 5.8: Output response of the F16 linear system, (r = [0 10]T).
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Figure 5.9: Controls in the F16 linear system, (r = [0 10]T).
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Qutput in the F16 closed loop system withr=[ 0 10 ]T
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Figure 5.10: Output response of the F16 system with saturation, (r = [0 lO]T).
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Figure 5.11: Controls in the F16 system with saturation, (r = [0 IO]T).
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Output for the F 16 closed loop system withr=[ 0 10]7
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Figure 5.12: Output response for the F16 system with saturation and the RG, (r = [0 IO]T).
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Figure 5.13: Controls in the F16 system with saturation and the RG, (r = [0 IO]T).
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Figure 5.14: 1,,5(t), the commanded pitch, in the F16 system with saturation and the
RG,(r=[0 10]"). Blowup: Blowup with 0 <t < .6.

A second simulation was performed for the same system with reference
r=[25 25 ]T. Now we are commanding simultaneously 2.5° angle of attack and pitch.
Figures 5.15 and 5.16 show the output And control responses of the linear system. Again the
controls exceed the limits of 25° and saturation is expected.

Figures 5.17 and 5.18 show the response of the system with saturation from the output
response one can see that the integrators windup although, now, the closed loop system is
stable. In addition, the direction of the outputs is not similar to the direction of the outputs in
the linear system and thus the control system does not behave as it was designed to behave.

Figures 5.19 and 5.20 show the output and control response of the system with
saturation and the RG. The controls never exceed the limits of the saturation and thus integrator
windups are not present. The output response verify the absence of integrator windups. The
output response is slower because of the limited controls but the direction of the outputs is

similar to that of the linear system. Figure 5.21 show the modified reference r,(t).
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Output for the F16 closed loop system withr=[ .25 .25]"
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Figure 5.15: Output response for the F16 linear system, (r = [2.5 2.5]T).
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20.0
8(
8.0 —
-
3
= -40
4
§-1s.o
j S
-28.0 V’
-40.0

0.0 2.0 40 6.0 8.0 10.0
Time (sec.)

Figure 5.16: Controls in the F16 linear system, (r=1[2.5 2.5]T).
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Output for the F16 closed loop system withr=[ .25 251"
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Figure 5.17: Output response for the F16 system with saturation, (r = [2.5
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Figure 5.19: Output response for the F16 system with saturation and the RG, (r = [2.5
Control for the F16 closed loop system withr=[ 2.5 2.5 ]T

Figure 5.20: Controls in the F16 system with saturation and the RG, (r = [2.5
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Figure 5.21: (0 in the F16 system with saturation and the RG, (r =[2.5 2.5]T).

Another simulation was performed to demonstrate the preservation of the closed loop
stability and the fact the controls will not saturate ("good" performance) for a certain class of
disturbances, as it was described in section 5.2.1. An artificial saturation limit s, = s, = 20°
was introduced; the underline assumption here is that 20° of control action is enough for
command following. It was found by using theorem 5.1 that for any reference r(t) and for
output disturbances of the form d(t) = [d,(t) 0]T the controls will never exceed the saturation
limits of 25° and stability will be preserved for lid;(t)ll., <.5. The simulation was performed
for the step referencer =[ 0 5]T and a step output disturbance of d =[.5 0]T which was
present for t 2.5 sec.

Figures 5.22 and 5.23 show the output and the control responses of the system with
saturation and the RG. Note that system remained stable and the disturbances are rejected as it
was expected. The controls exceed the 20° limit (the artificial saturation) but they do not exceed

the 25° limit (the real saturation). Figure 5.24 show the modified references for this simulation.
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Figure 5.22: Output response for the F16 system with saturation

and the RG, (r=[0 51T, d=[5 O]D).

F16 closed loop system withr=[ 0 5]" andd=[.5 0]

30.0

20.0

10.0

0.0

-10.0

-20.0

A\
NS T
4 '__'__‘—l-
8(
0.0 1.0 2.0 3.0 4.0 5.0
Time (sec.)

Page 146

Figure 5.23: Controls in the F16 system with saturation and the RG, r =[0 5]T,d=[5 0]D).
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F16 closed loop system withr=[ 0 5" and d=[.5 0]"
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Figure 5.24: ry(t) in the F16 system with saturation and the RG, (r = [0 51T, d=[.5 0ID).

5.3 Control Structure with the Operators EG and RG

In section 5.2 a control structure with the RG operator has been described to be used in
feedback systems with plants that are open loop unstable. The control structure is such that for
any references and for all disturbances in an L, set the controls of the closed loop system will
not saturate. Consequently, the closed loop system remains linear, integrator windups never
occur, bounded outputs are guaranteed, and the directions of the controls are not changed by
the saturation.

The operation of the closed loop system is linear by the construction of the RG operator.
Since the disturbances enter the system at points inside the closed loop one may be able to

reject larger disturbances if the operator EG is added at the error signal. If the EG operator is
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beneficial to include to the control structure or not depends on the specific application and the

kind of disturbances which are present as we shall see in section 5.3.2.

5.3.1 Description of the Control Structure with the Operators EG and RG

If the plant in the control system is stable the EG operator is sufficient to ensure that the
controls do not saturate for any reference, disturbance and modelling error (see section 4.2).
Therefore, the RG operator is not needed. The control structure with the operators EG and RG
is useful only for control systems with unstable plants and neutrally stable compensators. In
this section the discussion will be centered around unstable plants and figure 5.25 show the
control structure with the operators EG and RG. The models of the G(s), and K(s) systems in

figure 5.25 are given in egs. (5.1)-(5.5).

r,®
r=- '; -9
S L L -+ Logic [@-r-------cnooonnao- |
0 e &,® u O —
S " > K(S) sat —» G(S)
Reference Governor Error Governor
(RG) (EG)

Figure 5.25: Control structure with the operator EG & RG.

Since the plant G(s) is open loop unstable one cannot guarantee BIBO stability with A(t)

varying from zero to one (0 < A(t) < 1). Note that if A(t) = O for a finite time, the system is
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running open loop, and will exhibit the instabilities of the plant.

The time-varying gain A(t) can be thought as a sector nonlinearity (see eq. 2.2) belonging
in a sector [1,A] where A is a design parameter. The first priority for choosing A, is to
guarantee closed loop stability. The multiloop circle criterion (eq. (2.5), is used to define a
sector [1,A4], Ag < A(t) < 1, such that for any nonlinear gain in the sector the closed loop
system is stable. Eventually, we will ensure that the controls do not saturate so for the
definition of A the saturation element in figure 5.25 will be ignored. In this case, to apply the
multicircle criterion one has to compute C; = (1 + A9)/2, R; = (1 - A)/2, T(s) = G(s)K(s) and
then substitute these in eq. (2.5). One can search now for a Ay, 0 <A, < 1, such that the eq.
(2.5) is satisfied.

At this point we have shown that if the controls do not saturate one can choose any time-
varying gain A(t), Ay < A(t) < 1, and the closed loop system will be stable. The next step is to
ensure that the controls will never saturate so that the stability argument (given above) is valid
and so that the performance of the system will not degrade because of saturations. As shown in
sections 4.2 and 5.2 one can design the EG and RG operators to do exactly that. The
construction of A(t), given in chapter 4 has to be modified a little as we show in the sequel. A

function g(x) and a set B A,c are needed for the computation of A(t) and they are defined as

follows:
g(xg): g(xg) = ()l (5.45)
where )Ec(t) = A X.(1); Xx:(0)=x, (5.46)
u(t) = C.x.(t) (5.47)
Byc=1{x: gx)<1)} (5.48)

For g(x) to be finite, for all x, the compensator has to be neutrally stable. Therefore, the
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control structure with the operators EG and RG should be used only for feedback systems with

neutrally stable compensators. Then the construction of A(t) is given by the following

Construction of A1):

For every time t choose A(t) as follows

a) if x()e IntB, ¢ then A(t) = 1 (5.49)
b) if x (t)e BdB, ¢ then choose the largest A(t) such that (5.50)
MA@ <1 (5.51)
t)+e[A x ()+B A (He(®)]) - t
sup g(x (D+e[A x (O+B A ®e®)]) - g(x @) <o 552
€0 €

or for the points where g(x) is differentiable choose the largest A(t) such that
ASA <1 (5.53)
Dg(xc())[Ax()+BA(D)e(t)] <O (5.54)
c) if x. ()¢ B, ¢ then choose A(t) = A,

The A(t) alone does not guarantee to keep the controls bounded for any reference, this is
true because A(t) is chosen in the set A5 < A(t) < 1. For this reason we introduce the RG
operator at the reference signals and the time varying rate pu(t) will guarantee that the references
will not cause the controls to saturate. To construct JL(t) we assume A(t) = 1 and we follow the
discussion in section 5.2. In order not to confuse the notation the function and the set needed

for the construction of p(t) will be called B', ¢ and g'(x) and they are defined as follows:

g'(xg0):  g'(xq0) = llu(Vlls (5.55)
where X,(1) = A X,(D); x,(0) = X,0 (5.56)
u(t) = Cx,(t) (5.57)
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B'yc={x: g)<1} (5.58)
where x,, A,, C, are defined in egs. (5.12)-(5.13).
For the function g'(x) to exist the system (5.56)-(5.57) has to be neutrally stable and as it was
described, for the system (5.15)-(5.16), this is always true. Then the construction of p(t)

follows:

Construction of I(t):

For every time t choose Ju(t) as follows

a) if x,(t)e IntB' a,c then p(t) = e which implies that r(t) = ru(t) (5.59)
b) if x,()e BdB', - then choose the largest Ji(t) such that (5.60)
O<pu(t) Seo

i sup g (x ()+e[A x (0+B pue 1) - g'(x,®) <o
£-0 € (5.61)

or for the points where g'(x) is differentiable choose the largest p(t) such that
0 <u(t) Soo (5.62)
Dg'(x,())[Ax,(t) + Byu(e ()] <0 V>0 (5.63)

c) if xa()& B'4 ¢ then choose () = 0.

From the construction of A(t) and p(t) it is clear that if disturbances are not present then
A(t) = 1, for all t, because p(t) is sufficient to guarantee that the controls will never saturate. So
A(t) is a gain that is activated only if the disturbances are in such direction so that they can
cause saturation in the controls. It should be pointed out that since the gain A(t) has a lower

bound A, there are always large disturbances that will cause saturation. In the next section with
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the stability analysis of this structure, the trade-offs between disturbance rejection and
command following will be introduced. The implementation (realization) of the operators EG

and RG is described in sections 4.2.2 and 5.2.2 and will not be repeated.

.3.2 Stability Analysis of ntrol re with th erators EG and RG

If the controls do not saturate with the construction of A(t) as described in the previous
section, the constant A was chosen (using the multicircle stability theory) to ensure closed
loop stability. As a result, closed stability is guaranteed for any reference and in the absence of
disturbances. This is true because if disturbances are not present then A(t) = 1, Vt, and the
control structure with EG and RG is the same as the control structure with only RG (see
section 5.2) where BIBO stability was ensured

In the presence of disturbances one has to introduce an artificial level of saturations (s =
[$...sy]T) as was discussed in section 5.2.1. The EG and RG operator can be chosen so
that for any reference r(t) the controls will not exceed the artificial saturation s, (Ilu;(t)lles < s;).

Consequently, there will be some control action “reserved” for disturbance rejection (ffu;(t)lloc <

Si)'

Theorem 5.2:

If the RG and EG operator are used in any feedback system so that the controls (llu;(t)lle
<'s;), for some vector s, the following is true. With zero initial conditions, the closed loop
system with the EG and the RG operator and Ay < A(t) < 1 will have bounded controls (llu(t)lleo
< 1) and bounded outputs for any reference and for output disturbances disturbances that

satisfy the following condition.
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S, Ilhulll e IIhlm IIl Ildlllu 1
B I .o |t (5.64)
S Ilhmllll e Ilhm m"l Ildmllw 1
where

hy; is impulse response of the ijth element of the following transfer function matrix

H(s) = [T+AgK(s)G(5)]- 12K (s) (5.65)

Proof:
The proof of this theorem is very similar to the proof of Theorem 5.1 and is therefore
omitted.

m

Theorem 5.2 is almost identical to theorem 5.1. The only difference is in eq. (5.65)
where the H(s) transfer function is computed with the gain A in the loop. Theorem 5.2 defines
the trade-offs between command following and disturbance rejection as theorem 5.1 did for the
control structure with operator RG. In fact with the new H(s), egs. (5.31) and (5.32) can be
used to compute the artificial saturation s, knowing the maximum bounds of the disturbances
(Ildjlloo, for all j), and vice-versa.

At the beginning of section 5.3 we claimed that the usefulness of the control structure
with the operators EG and RG depends on the specific application; with theorem 5.2
one can quantify that dependence. As specified previously, the constant A is a design
parameter that is chosen by using the multicircle stability criterion, in fact, more than one gain

Ao may exist such that stability is preserved. It is not known yet if the control loop with the
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reduced gain A(t) (Ag< A(t) < 1, Ay < 1) performs better, i.e. rejects larger disturbances, than
the nominal loop (A = 1); or it may be so that from the many A gains, that guarantee stability,
one is better than the others for performance. In the sequel theorem 5.1 will be used to choose
one of those Aq gains or to keep A, = 1.

If upper bounds (lldlle.) on the disturbances are known then the idea is to use different
Ay's (including Ag = 1) in eq. (5.65) and with theorem 5.2 to compute the corresponding
vectors s. Then choose the A that gives the best artificial saturation s. Remember that if s is
larger, more control action is allocated for command following.

Similarly, if upper bounds for the disturbances are not known then for a specific vector s
and different values of A, one can compute the corresponding upper bounds on the
disturbances from theorem 5.2. Then one can choose the A that gives the best disturbance
rejection (rejection of larger disturbances).

Because all the signals are vectors it may be true that by choosing a A that increase the
disturbance rejection or command following for a specific disturbance direction or command
you make things worst for another directions. That is why the usefulness of the operator EG
depends on the specific control system ( dependence due to H(s)), the specifications. and the
direction of the disturbances.

5.3.3 Simulation

The F16 system that was described in section 5.2.3 will be simulated with the operators
EG & RG.

It should pointed out that if disturbances are not present then A(t) = 1, for all t, because
the RG operator will limit the references and the control will never saturate. Such simulations
have been done in section 5.2. Here, only the response to disturbances will be considered.

First, by using the multiloop circle criterion as was discussed in section 5.3.1, it can be

found that the closed loop system remains stable if any sector nonlinearity, which belong in a
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sector [1,.7], is added at the error signal. This implies that one can choose Ay = .7 for the
construction of the EG operator. It should pointed out that there are other sectors that the gain
A(t) can belong in and stability will be preserved. The objective here is not to find the best A,
but rather to show how the control structure with operators EG and RG can improve the
disturbance rejection properties of the control system if it is compared with the control structure
with only the operator RG.

A simulation was performed for a step reference r =[ 0 5]T and a step output
disturbance of d = [.5 O]T which was present for t 2 .5 sec. These conditions are the same as
those in the simulation given in section 5.2 (figures 5.22 and 5.23). Again the artificial
saturation limit was assumed to be s, = s, = 20°.

Figures 5.26 and 5.27 show the output and the control responses of the system with
saturation and the EG & RG. The disturbance is rejected and the controls do not exceed the 20°
limit (the artificial saturation) where in the previous case (figures 5.22 and 5.23) the controls
exceeded the 20° limit. Thus it is evident that with the introduction of the EG one can reject
larger disturbances of the type d(t) = [d(t) O]T. This may not be true for disturbances in all
directions as indicated in section 5.3.2. Figures 5.28 and 5.29 show the modified references

and the A(t) used for this simulation.
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F16 closed loop system withr=[ 0 S]T and d=[.5 0]'r
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Figure 5.26: Output response for the F16 system
with saturation and the EG & RG, (r =[0 51T, d =[5 0]T).
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Figure 5.27: Controls in the F16 system with saturation and the EG & RG, (r =[0 5]T,d =[.5 0]T).
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F16 closed loop system withr=[ 0 '5]T and d=[.5 0]T
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Figure 5.28: 1,,(t) the F16 system with saturation and the EG & RG,
(r=[0 5IT,d=[.5 O]T).
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Figure 5.29: A(t) the F16 system with saturation and the EG & RG,
r=[0 5]T,d =[.5 0]T). Blowup: with .24 <t < 4.
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5.4 Concluding Remarks

In this chapter it has been shown how that the operator RG can be used to design control
systems for plants with multiple saturations. The operator RG preprocesses the reference
signals in such a way so that the references never cause the controls in the closed loop system
to saturate. Typically, sudden large step commands are translated by the RG operator into
slower commands, they look like ramps, so as to allow the limited controls not only to
stabilize the system but also to eventually track the reference. Thus the signals in the closed
loop system remain bounded for any reference and if integrators are present in the loop they
never windup. The control structure with the operator RG can be used in any stable linear
feedback system.

In addition, we have shown how to define input and output disturbance sets so that, if the
disturbances belong to these sets, then the outputs of the system remain bounded. With this
new design methodology one can distribute the control action among rejecting disturbances and
following references as it is needed for specific applications.

Finally, another control structure combining the operators EG and RG was introduced.
This control structure can be used in feedback systems with neutrally stable compensators. The
set of disturbances that are rejected can be potentially larger and thus better control systems can
be designed.

The control systems that arise from the new design methodology were used in a
simulation for the unstable F16 aircraft model and the advantages of the new controllers were

demonstrated.
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CHAPTER 6
COMPARISONS

6.1 Introduction

As mentioned previously, prior to the results in this thesis, there did not exist a general
and systematic way for designing control systems for plants with multiple saturations. Current
SISO control systems include special logic, in addition to the linear controllers, that try to deal
with the integrator windup problem.

One can try to extend these SISO techniques to multivariable control systems. In this
chapter some integrator antiwindup circuits, which are direct extensions of the SISO
techniques, will be presented. As one may suspect these extensions are not expected to work as
well for MIMO systems as they do for SISO systems; this is true because the directions of the
signals in MIMO systems are also important. But for specific examples they may be successful
and since they are simple to implement they may be preferred over our new design
methodology presented in chapters 4 and 5.

In this chapter comparisons will be given between the new control design methodology
and the conventional antiwindup circuits. These comparisons will be performed for two
specific examples: An other academic example with peculiar directional properties, due to
Doyle et al [30], and the F8 aircraft which we described in chapter 4.

As we demonstrated, in MIMO systems, in addition to the integrator windup problem,
the alteration of the direction of the controls by the saturations can cause problems (see
academic example #1 in chapter 4). At present there does not exist a design technique which
addresses this directionality problem; hence, comparisons with our design method cannot be

performed.



Chapter 6 Page 160

6.2 Comparison of Our Design Methodology with

Conventional Antiwindup Designs

In order to compare the conventional antiwindup control design methods with the
methodology described in chapters 4 and 5 (the EG and RG operators) two examples will be
used. The first example (referred to as academic example #2) was introduced in [30] and it is

defined as follows:

Plant dynamics:
4 5
4(0.1+s) _
P(s)=———R d R= .
(=== an [3 4] 6.1)
Compensator dynamics:
K(s) = 1 R
~ 4(0.1+s) (6.2)

Form the compensator structure it is evident that the compensator is a partial inverse of
the plant. Since the compensator has "slow dynamics", windups are to be expected whenever
the controls are saturated. Figure 6.1 shows the closed loop system with the plant, the

compensator and the saturation element. The saturation has limits of 21 in each control u;.

d(t)

w ) u, (®) yo y +

y
y
o

'pl R — 1 1
e(t) —: 4(.01+s) 1 +

N Plant
Compensator K

<

~

<
RPN P

Figure 6.1: Closed loop system for the academic example #2.
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for the constant disturbance vector d(t) =[.61 .79] .

(1)

)

3

Q)

Using the academic example #2 the following five different simulations were performed
T

The closed loop system was simulated without the saturation (i.e. u(t) = uy(t)). This
simulation is referred as the simulation for the linear system. As before, we view the
response of the linear system as the desired one and the objective is to mimic, to the
extend posssible, the linear response when the multiple saturations are introduced.

The closed loop system was simulated with the saturation as shown in figure 6.1. This
simulation is referred as the simulation for the system with saturation.

The closed loop system was simulated with the saturation and a conventional antiwindup
strategy (CAW). In this case, the CAW modifies the compensator's slow dynamics
when saturation occurs so that the compensator states will never have values larger than
the saturation limits. In refernce to figure 6.1, the inputs to the slow compensator

dynamics are modified in the following way

CAW: v(t) = Re(t) + 100(u(t) - uy(t)) (6.3)

The problem with this CAW strategy is that the different control channels do not
communicate so that if one control u; saturates, then the corresponding v; is modified and
the vj's (i#j) do not change. Consequently, the direction of the controls is modified and
in MIMO system this can cause performance problems (as we have observed several
times before). This simulation is referred to as the system with saturation and CAW.

The closed loop system was simulated with the saturation and modified conventional
antiwindup (MAW) strategies. The MAW used modifies the compensator's slow
dynamics when saturation occurs so that the compensator states will never have values
larger than the saturation limits. The difference here is that when a control channel y;
saturates, all the other control channels are also modified. The inputs to the slow

compensator dynamics in figure 6.1 are changed in the following way
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MAW:  v() = Re(t) + ou() (6.4)
0 for lull_< 1-¢

here = 6.5

v ““110  for Mi>1e ©3)

This simulation is referred as the simulation of the system with saturation and MAW.
(5) The last simulation was performed with the EG operator as specified in chapter 4. This

simulation is referred as the simulation of the system with saturation and the EG.

Simulations (1) through (4) can be also found in [30]; they are duplicated so that they can
be compared to simulation (5).

Figures 6.2 and 6.3 show the output and control responses of the linear system. The
compensator partially inverts the plant and the open loop system becomes an integrator. The
responses verify that. Note that the controls exceed the saturation limits (1).

Figures 6.4 and 6.5 show the output and control responses of the system with saturation.
Because of the peculiar directional properties of the plant, when the controls saturate the output
response deteriorates dramatically.

Figures 6.6 and 6.7 show output and control responses of the system with saturation and
CAW. The controls stay within the bounds of the saturation but because the CAW feedback
loop operates in a "SISO fashion" the response in figure 6.6 is still terrible. The windup
problem seems to be corrected but the directions of the control seem to be wrong. As was
remarked above, each control when it saturates, activates a feedback loop without
communicating with the other control channelf Again, it is obvious that directions of the
controls are important in MIMO systems.

Figures 6.8 and 6.9 illustrate the outputs and the control responses of the system with

saturation and MAW. The responses mimic the linear ones (they are slower as expected);
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Compare figures 6.2 and 6.8. The directional problem is corrected because when saturation in
one of the channels occurs the feedback loop is activated for all the channels. The directionality
of the controls is preserved and thus the integrator windups and the control directional
problems are corrected.

Figures 6.10 and 6.11 show the output and control responses of the system with
saturation and the EG operator. The responses here are identical to the ones when the MAW
strategy was used. The EG operator preserves the inversion of the plant by the compensator
and the control directions are not altered. Figure 6.12 show the A(t) for the EG operator that
was used in this simulation.

This set of simulations show the potential pitfalls of adapting "good" SISO strategies to
MIMO systems. By being clever one may find "good" MIMO strategies (the MAW) which
have less computational complexity as compared with our EG operator approach. On the other
hand, they are not systematic and each design must be individually developed, adapted, and

tuned.
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QOutput response of the academic example #2
4.00

N
o
o

Outpout ()
o
o
o
/=
=

I
N
o
o

-4.00

0.00 10.00 20.00 30.00 40.00
Time (sec.)

Figure 6.2: Output response for the linear system.

Input response of the academic example #2
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Figure 6.3: Controls in the linear system.
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Output response of the academic example #2
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Figure 6.4: Output response for the system with saturation.

Input response of the academic example #2
4.00

g
o
o

Input u(t)
o
o
o

u,(0)
u (0

I
N
o
o

-4.00

0.00 10.00 20.00 30.00 40.00
Time (sec.)

Figure 6.5: Controls in the system with saturation.
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Output response of the academic example #2
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Figure 6.6: Output response for the system with saturation and CAW.
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Figure 6.7: Controls in the system with saturation and CAW.
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Output response of the academic example #2
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Figure 6.8: Output response for the system with saturation and MAW. Blowup: Outputs for 0-2 sec.

Controls in the academic example #2
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Figure 6.9: Controls for the system with saturation and MAW. Blowup: Controls for 0-2sec.
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Output response of the academic example #2 with A(t)
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Figure 6.10: Output response for the system with saturation and the EG.
Blowup: Outputs for 0-2 sec.
Controls in the academic example #2 vith A (t)
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Figure 6.11: Controls in the system with saturation and the EG.

Blowup: Controls for 0-2 sec.
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A (1) for the control system of the academic example with A(t)
1.00
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e,

0.50

0.25
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0.00 10.00 20.00 30.00 40.00
Time (sec.)

Figure 6.12: A(t) for the system with saturation and the EG.

Another set of simulations was performed for the F8 aircraft closed loop system, which
was described in chapter 4. The closed loop system is shown in figure 6.13. Simulations with
the CAW, MAW and the EG operator were performed for this control system. The simulations
for the linear system and the system with saturation are shown in chapter 4 (see figures 4.31,

4.32, 4.33, and 4.34).

1(t) e(t) e, () u (1) 1 |0 2 u_(t) y(©)

Error Governor sat
EG)

Figure 6.13: The closed loop system for the F8 aircraft.
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Three new simulations were performed for this system as follows:

0y

@

The closed loop system was simulated with the saturation and modified
antiwindup (MAW) strategies. The difference here is that whenever one control
channel v saturates all the other control channels are modified. The inputs to the

integrators are changed in the following way (see figure 6.13).

MAW: u, = Ke + au (6.6)
0 for lull_<1-e
here =
" *“1100  for Il >1e (6.7)

The MAW does not guarantee any more that the controls will not saturate, because
the compensator dynamics are ignored in the antiwindup strategy. This is why the
computations are very simple. This simulation is referred to as the simulation of the
system with saturation and MAW.

In this simulation, in addition to MAW the control direction will also be preserved
by limiting the control magnitude. We wanted to see if the control direction
preservation provides any advantages, at least, in this example. The following

operation on the controls will be introduced

u' = [Vs]u, (6.8)
u(t) = fu’ (6.9)

where
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1 for IIu'II“S 25

B=Y_1 25 for Ml >25 (6.10)
'l .

The controls will now always remain within the saturation limits, and thus the
direction of the control vector will be preserved. Note that the gain  does not
commute with the compensator K (i.e. GBK # GKp) and, consequently, if the
linear compensator inverts or partially inverts the linear plant, then the inversion
operation will be disturbed by the gain . This simulation is referred as the
simulation with saturation, MAW and control direction preservation (CDP).

(3) The last simulation was performed with the EG operator, as specified in chapter 4.

This simulation is referred as the simulation of the system with saturation and the EG.

Figures 6.14 and 6.15 show the output and control responses of the system with
saturation and MAW to the constant reference r=[ 10  10]T. One can see that the responses
are better than the ones obtained when no antiwindup strategy was used (shown in figure
4.33). The direction of the output response is not exactly similar to the linear one (shown in
figure 4.31). The small problem in the direction of the outputs is caused because the controls
saturate for a small period of time.

Figures 6.16 and 6.17 show the output and control responses of the system with
saturation, MAW and CDP. At least for this example, the control direction preservation does
not seem to offer any advantage. Instead it appears that the output response deteriorates
(compare figures 6.16 and 6.14).

Figures 6.18 and 6.19 show the output and control responses of the system with
saturation and the EG. The benefit of the EG operator is obvious and the nonlinear response
mimics the linear one. Note that the controls never saturate. Comparison of figures 6.18, 6.16
and 6.14 demonstrate the superiority of the EG operator design; note, however, that it requires

much more (off-line and on-line) computation than the other designs.
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Figure 6.14: Output response for the F§ system with saturation and MAW, (r = [10

Figure 6.15: Controls in the F8 system with saturation and MAW, (r = [10
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Output of the F8 system with MAWC and control direction preservation
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Figure 6.16: Output response for the F8 system with saturation, MAW and CDP, (r =[10 IO]T).

Controls in the F8 system with MAWC and control direction preservation
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Figure 6.17: Controls in the F8 system with saturation, MAW and CDP, (r = [10 IO]T).
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Output in the F8 closed loop system withr=[ 10 10 1
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Figure 6.18: Output response for the F8 system with saturation and the EG, (r =[10 IO]T).
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Figure 6.19: Outputs in the F8 system with saturation and the EG, (r =[10  10]").
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In the simulations above, it was found that some simple "fixes" led to reasonable output
performance. However, we can never be sure that the same ad-hoc "fixes" will continue to
work well for other reference inputs and/or disturbances.

Three more simulations were performed for the same system but for a different reference
input (r =[20 20]T). The reason for doing these additional simulations is to find out how the
references can affect the output and control responses since the closed loop system is
nonlinear.

Figures 6.20 and 6.21 show the output and control responses of the system with
saturation and MAW. One can see that integrator windups are now dominantly present in
addition to the alteration of the control direction. The reason is that the compensator states are
not included in the antiwindup strategy and nothing explicitly prevents them from windup. It is
not clear how one would design MAW for the compensator, since the compensator is a highly
coupled MIMO system.

Figures 6.22 and 6.23 show the output and control response of the system with
saturation, MAW and CDP. Now the output responses seem to be improved (minor direction
problems still exist) and the integrator windups are not very large.

Figures 6.24 and 6.25 show the output and control response of the system with
saturation and the EG. The responses mimic the ones of the linear system, as our systematic

methodology guarantees.
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Output in the F8 control system with MAWC

25.00

w |20

AN VA .

1 i

’:; 15.00

2

8 10.00 )/
5.00
0.00

0.00 1.00 2.00 3.00 400 5.00
Time (sec.)

Figure 6.20: Output response for the F8 system with saturation and MAW, (r =[20 20]T).
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Figure 6.21: Controls in the F8 system with saturation and MAW, (r =[20 20]T).
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Output of the F8 control system with MAWC and Control direction preservation
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Figure 6.22: Output response for the F8 system with saturation, MAW and CDP, (r =[20 ZO]T).
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Figure 6.23: Controls in the F8 system with saturation, MAW and CDP, (r = [20 20]T).
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Qutput y(t) in the F8 control system with  A(t)
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Figure 6.24: Output response of the F8 system with saturation and the EG, (r = [20 20]T).
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Figure 6.25: Controls in the F8 system with saturation and the EG, (r = [20 201").
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50 A (t) for the F8 control system
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Figure 6.26: A(t) for the F8 system with saturation and the EG, (r = [20 20]T).
Blowup: A(t) for 0-1sec.

6.3 Concluding Remarks

In this chapter we compared via simulations our new design methodology with extensions
of conventional SISO antiwindup circuits to MIMO systems. The comparisons were performed
for two examples. In both cases it was shown that our design methodology performs
consistently better.

The extension of the SISO antiwindup circuits to MIMO systems is not simple and, in
general, it is not known if such extensions are possible. For simple control systems, the
conventional antiwindup circuits may work and eliminate or partially eliminate integrator
windups. In contrast the new design methodology introduced in chapters 4 and 5 is general and
eliminates windups completely. The price that one has to pay for using the new design

methodology is that the off-line computation for high dimentional controllers is extensive.
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For MIMO control systems the conventional antiwindup strategies do not solve the control
directionality problem i.e. the alteration of the control vector direction. Additional logic may
have to be introduced to fix up that problem.

In summary, for a specific control system conventional antiwindup strategies should be
considered as they may solve the problem of integrator windups. If this is the case, since the
conventional antiwindup strategies are simple to implement, they should be used. If for the
specific control system the conventional antiwindup strategies do not solve the problem, then

the new design methodology, proposed in this thesis, should be used.
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CHAPTER 7
RATE SATURATION, RATE/MAGNITUDE SATURATION
AND STATE LIMITERS

7.1 Introduction

Magnitude saturation of the control signals is a commonplace nonlinear phenomenon that
the control system designer must address. However, in addition to magnitude saturation, the
control system designer must also deal with rate saturation (often combined with magnitude
saturation), and with the problem of enforcing specific limits upon the magnitude of certain
critical state variables (often for safety reasons). For example, in aircraft problems we may
wish to limit the angle of attack so as to prevent stall; in turbofan engines one may wish to limit
certain turbine temperatures to avoid damage.

In this chapter it will be shown how the techniques developed in chapters 3 to 5 can be
extended for the design of MIMO control systems with rate saturation, rate and magnitude
saturation and state limiters.

The idea here is to design a linear compensator for the linearized plant and then by
operating on the error and/or the references to modify the controls so that the closed loop
system will have "nice" properties.

Three very common cases will be considered in this chapter. The first case is the case
where the control's rate is bounded, the second case is the case where the controls magnitude
and rate are bounded, and the third case is the case where certain states of the plant should
remain bounded.

In this chapter, a way of modifying the references and/or the error signals with the EG

and the RG operator will be introduced so that the controls or certain states will not violate their
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predefined bounds. The methods used are similar to the ones described in chapters 4 and 5

with minor modifications for each of three cases. Even though it may seem repetitious, for

completeness, the construction of the EG and RG operators will be stated again. But for details

that are omitted here one should refer to Chapters 3, 4 and 5.

7.2 Rate Saturation

In this section systems with control rate saturation will be investigated. Consider a closed

loop system which consists of a plant, a compensator and a rate saturation at the plant input as

shown in figure 7.1.

1(t) e(t) u(t)

K(s) —»

rsat

u, (v

G(s)

y(®

Figure 7.1: Closed loop system with rate saturation

The plant model is given by the following state space representation

x(t) = Ax(t) + Buy(t)
y® =Cx(®)

(71.1)
(1.2)

The compensator generates u(t) from e(t) and is given by the following state space

representation
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Xe(1) = Ack(t) + Bee(t) (7.3)
u(t) = Cx.(t) (7.4
e(t) =r(t) - y(t) (7.5)
where r(t) is the reference and y(t) is the output vector.
The rate saturation is modelled with a simple closed loop model given by
(7.6)

uy(t) = sat(ut) - ug(t))

where u(t) are the commanded control signals, ug(t) are the actual (output of the rate saturation)

controls driving the plant with u(t) =[ u(t),..., um(t)]T, () =[ug®,..., u,(®O]T and

l u.(t)-u ()= l
k 1 1 s1 k 1
sat(u(t) - u () = | 4O - v " SuM-uy < ¥ (7.7)
1
X u(t)-u () <- m
and in compact form
(7.8)

ug(t) = rsat(u(t))

In eq. (7.7) the value of k can be chosen to be "large enough” so that when the saturation

is used in the linear region the u(t) will be approximately equal to ug(t). The model of the rate



Chapter 7

Page 184
saturation is shown in figure 7.2.
___________________________________ -
! 1
! 1
! i
u(t) ! —L— lk u (1) K v ug(t):
- —1 —>
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rsat

Figure 7.2: Model of the rate saturation

Note that the rate saturation cannot be modelled simply as lis(t) = sat(li(t)) because at
steady state the ug(t) and u(t) signals can differ. For example, consider the case where u(t) is
ramp with slope 1 fromt =0 to t = 1 and the rate saturation is 1/2. In that case the steady state
value of u(t) is 1 and the steady state value of u,(t) is 1/2. Figure 7.3 shows the u(t) signal with
the signal us'(t) when ﬁs'(t) = sat(d(t)) and the signal us"(t) when ﬁs"(t) is computed from
egs. (7.6)-(7.8).
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u(t)

>

u"(t)

12[
u'(t)
172

—
b e ammnelecacna

Figure 7.3: A sample u(t) signal and the outputs u'(t) and u"(t) from two different rate

saturation models.

Thinking in a similar manner as for the magnitude saturation the idea is to modify the
references error e(t) to €, (t) and/or r(t) to ru(t) by the EG and/or the RG operators only when
conditions exist so that the control rate li(t) will saturate. The modification has to be carried out
in such a way that any current or future references will never cause the control rates to saturate.

In sections 7.2.1 and 7.2.3 two different control structures for plants with rate saturation
are given. The two different control structures are with the EG or the RG operators. Table 7.1
shows the application of the two control structures depending the stability of the plant and the

compensator.
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Neutrally stable Unstable
compensator compensator

Control structure with EG
Control structure with RG Control structure with RG

Control structure with RG and EG

Control structure with RG
Control structure with RG

Control structure with RG and EG

Unstable plant | Stable plant

/.2.1 Control Structure with EG for Plants with Rate Saturation

The control structure that will be introduced in this section is similar to the control
structure with the operator EG (see section 4.3). This control structure is useful for stable
plants with neutrally stable compensators. A time varying gain A(t) (EG operator) will be
introduced at the error signal e(t) so that the controls will never saturate. The control rate ti(t)

with the EG operator is given by

X(t) = Ax () + BA(De() (7.9)
u(t) = C.x.(1) (7.10)
u(t) = CA X (t) + C.BA(t)e(t) (7.11)
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The egs. (7.9)-(7.11) are to be interpreted as a dynamic system with states x.(t), input
A(t)e(t) and output u(t). Note that there is a feedforward term C_B. from the inputs A(t)e(t) to
the outputs li(t). The objective here is to construct A(t) in such a way so that for any error e(t)
the control rate li(t) never saturates. This is similar to designing a time-varying gain so that the
output of a linear system remains bounded (section 3.3). By following the discussion in

section 3.3 one can construct A(t) to achieve the objective. At first, a function g'(x) and a set

R,,c have to be defined
g'(xp):  g'(Xo) = Iu(t)lloo (7.12)
where
X(t) = Ax(t); x(0) = xo (7.13)
u(t) = C,AX(t) (7.14)
Rac={xgx)<1} (7.15)

For the function g'(x) to be finite the compensator (egs. (7.3)-(7.5)) has to be neutrally
stable. That is why the Error Govemnor is to be used only for neutrally stable compensators as

shown in table 7.1. As in section 3.3 the construction of A(t) is given by
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Construction of A(t) for the system with a feedforward term:
For every time t choose A(t) as follows
a)The largest A(t) such that ICA x.(t) + C.BA(t)e(®)llo < 1
b) if x.(t)e BdR, ¢ then choose the largest A(t) such that (7.16)

0sAm <1 (7.17)

g'(x (1) + e[A x () + BADe®)]) - g(x (1))
lim sup

-0 € (7.18)

or for the points where g(x,) is differentiable choose the largest A(t) such that
0<A(®m<1 (7.19)
Dg'(x (D)) [Ax(D+BA(De®] <0 V>0 (7.20)
where Dg'(x.(t)) is the Jacobian matrix of g'(x.(t)) as it is given in definition 3.2.
c) if x.(t)& R, ¢ then choose A(t), 0 £ A(t) < 1 such that the expression in (7.18) is

minimum.

The control structure with the EG operator for plants with rate saturation presented here is
similar and therefore has similar properties as the control structure with the EG operator for
plants with magnitude saturations presented in chapter 4. In most applications the control rate
saturation is present in addition to the control magnitude saturation and section 7.3.1 introduces
a control structure with the EG operator for plants with both control magnitude and rate

saturations.

7.2.2 Academic Example

Consider the following system which is the compensator for the academic example #1
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defined in section 4.2.3.

, 26093 1.4180 29.8308  2.989

X0 =1 51476 15213 |X© 687543 10,8387 |V (7.21)
11

= |x® (7.22)

Assume that in the academic example #1 it is desired to have II|i(t)||°° <2.5foreveryt
and e(t). To use the control structure with the EG operator one has to modify e(t) to A(t)e(t).

The computation of A(t) requires the calculation of the R, ¢ set.

g'(xq): Rz—)R, g'(xq) = ||li(x0,t)||°° (7.23)
Ryc={xe RZ g(x)<25} (7.24)

The computation of the EG operator for this case is the same as the one given in section
4.2. In summary, one has to compute the R, ¢, from the R, ¢ set one can construct the
function g'(x) since g'(x) is a cone and the R A,C Set is the intersection of the cone with the
g'(x) = 2.5 hyperplane. By knowing g(x) and the R ¢ set one can construct A(t) as it is

shown in sections 3.3 and 4.2.
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2.00

1.20 }

0.40 }
X,

-0.40 ¢

-1.20 |

_200 A M "
~2.00 -120 -0.40 0.40 1.20 2.00

Figure 7.4: The R, ¢ set for the academic example #1.

Figure 7.4 shows the set R, ¢. Note the symmetry with respect to the origin, the
convexity and the fact that the set is bounded because all the modes of the system are
observable. This set will be used in the sequel in (section 7.3) to design a compensator that will

insure that the magnitude and the rate of the controls remain bounded.

7.2.3 Control Structure with RG for Pl with R ion

In analogy to chapter 3 and 5, a time varying rate p(t) will be introduced at the reference
signal r(t) so that the controls of the plant will never exceed their rate limits as shown in figure
7.5. The RG operator is a time-varying rate limiter on the references where pu(t) is a time-

varying gain, 0 < p(t) See.
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G(s) |25

Figure 7.5: Control structure with the RG operator for plants with rate saturation.

The plant and the compensator dynamics in figure 7.5 are described in egs. (7.1)-(7.5).
Assuming that the states of the integrators in the time varying rate are z(t) then the time varying

rate at the references can be described by the following

Z(t) = p(De(t) (7.25)
e.() =r() - ru(t) (7.26)
ru(t) = z(t) (7.27)

As in chapter 5, the time varying gain pu(t) will be chosen so that if r(t) is small enough
never to cause saturation of the rate of the controls then r(t) = ru(t) and if r(t) is large enough
to cause saturation of the rate of the controls then p(t) will limit the references so that the rate of
the controls will remain bounded. Consider the linear closed loop system (i.e the system

without rate saturation) and assume the following representation
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Xa(t) = Ael Xer (1) + Baru(t) (7.28)
u(t) = Ce xar(t) (7.29)
u(t) = CaAe Xer (1) + CaBarp(t)
xc
where Xa~=
X
B
A, -BC ¢
_ _ _[c 0
Acl BC A Bcl Ccl [ ¢ ]
¢ 0

Then one can combine the dynamics of the rate limiter (7.22)-(7.24) with the dynamics of

the closed loop system (7.25)-(7.26) to obtain an augmented system

Xa(t) = AgXy()+Bl(te(t) (7.30)
u(t) = C,x,(1) (7.31)

where

z(t) 0 0  { c B c
x, (D)= x_(® A = B, A, B = 0 Ca=[ el el cl]

The objective here is to construct Ji(t), 0 < J(t) S eo, in such a way so that for any error
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e,(t) the control rate li(t) never saturates. This is similar to designing a time-varying rate so that
the output of a linear system remains bounded (section 3.4). At first, a function g'(x) and a set
Ra,c have to be defined. The symbols g'(x) and R, ¢ should be thought as generic symbols

and when they are used they are always defined to avoid confusion.

£'(Xa0):  £'(%40) = lU(Dlloo (7.32)
where X, (1) = A X, (1); x4(0) = X,0 (7.33)
u(t) = Cx,(t) (7.34)
Ryc={x: gx)s1} (7.35)

For the function g'(x) to be finite the linear system in eq. (7.33) has to be neutrally
stable. This is always true for any compensator and any plant provided that the linear closed
loop system (the system in figure 7.1 without the saturation) is stable. Therefore, the Reference

Governor can be used in all cases as shown in table 7.1. As in section 3.3 the construction of

n(t) is given by
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Construction of IAt):

For every time t choose pi(t) as follows

a) if x,(t)e IntR, ¢ then p(t) = e which implies that r(t) = ry,(t) (7.36)
b) if x,(t)e BdR, ¢ then choose the largest u(t) such that (7.37)
OSH@) Soo
, g'(x, (0)+€[A x O+B pe 1) - g(x, 1)
lim sup
-0 € (7.38)

or for the points where g'(x) is differentiable choose the largest pu(t) such that
OSpu) Seo (7.39)
Dg'(x,()[Agxy(0+Bau(t)e (D] <0 V>0 (7.40)
where Dg'(x,(t)) is the Jacobian matrix of g'(x,(t)) as in definition 3.2.
o) if x,()e R A,C then choose p(t), 0 < p(t) < oo such that the expression (7.38) is

minimum.

Because the control structure given above is similar to the control structure introduced in
chapter 5 both structure have the same properties. More specifically, the control rate remains
bounded and as a consequence, integrator windups and the control direction do not cause any
problems in the performance of the system. As it was described in chapter 5 the states of the
plant have to be measured for the realization of the RG operator and the off-line computational
requirements can be severe if the state dimension of the plant and the compensator is large.

With the rate saturation problem transformed to fit the magnitude saturation problem it is
obvious how the control structure with the EG and RG operators can be used to deal with rate
saturations as it was discussed in section 5.3.1 (Description of the Control Structure with The

Operators EG and RG).
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7.3 Rate/Magnitude Saturation

Assume that a given closed loop system consists of a plant, a compensator, a magnitude
saturation nonlinearity (sat), and a rate saturation nonlinearity (rsat) as shown in Figure 7.6.

The saturation elements (sat, rsat) have been defined in egs. (2.1) and (7.6).

u, () ®
o 0 K(s) —ug)m sat | rsat [—»1 G(s) d

+

Figure 7.6: Closed loop system with rate and magnitude saturation

The following models for the plant and the compensator can be assumed

Plant model:
x(t) = Ax(t) + Buy(t) (7.41)
y(® = Cx(t) (7.42)
Compensator model:

X (t) = A X (1) + Bee() (7.43)



Chapter 7 Page 196

u(t) = Cx.(t) (7.44)
e(t) =r() - y(t) (7.45)
Saturation model:
ug(t) = rsat(sat(u(t))) (7.46)

7.3.1 Control Structure with EG for Plants with Rate and Magnitude Saturation

The problem here is to keep the control magnitude and rate bounded. The idea is to
modify the error e(t) to e;(t) only when the references are large enough and the controls u(t)
will saturate either in magnitude or rate. The modification has to be accomplished in such a way
that any current or future references will never cause the system to saturate. The operator EG
has to be introduced as part of the compensator. The modified compensator is defined as

follows.

X(t) = Ax,(t) + BA(De(t) (7.47)
u(t) = Cx (1) (7.48)
u(t) = C.AX(t) + CBADe(t) (7.49)

In chapter 4 it was described how one can introduce the operator EG such that the
magnitude of the controls remain bounded. That was done by defining a function g(x) and a set
B A,é and by constructing a time varying gain, call it A, (t), such that the states of the
compensator remained in the B4 ¢ set for any reference.

In section 7.2.1 it was described how one can introduce the operator EG such that the

rate of the controls remain bounded when the open loop plant is stable. That was done by
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defining a function g'(x) and a set R4 ¢ and by constructing a time varying rate, call it A,(t),
such that the states of the compensator remained in the R, ¢ set for any reference.

Since the problem here is to keep both the magnitude and rate bounded one can choose
A(t) in eqs. (7.47)-(7.49) as the minimum of A;(t) and A,(t) and that will prevent the controls
of saturating both in magnitude and rate. To do this, one has to compute, at every time t;, both
A1 (t) and A4(t) (in addition to the fact that both the B a,c and R, ¢ sets have to be
precomputed and stored during the operation of the system). Another way of computing the

A(t) is to define another set S, ¢

SA,C = BA,C N RA,C (7.50)

Then one can use the S, ¢ set in the implementation of A(t) in section 4.2.2. To be more
specific in the construction of A(t) in section 4.2.2 the S A,c set can be used instead of the
B, c set. The function g(x) can be computed by constructing the cone g(x) with the set S, ¢
being the set of points where g(x) 2 1. Since the S, ¢ is the intersection of both B, ¢ and
Ry, c the compensator and plant states will remain in both B, ¢ and Ry, ¢ for all t, and the

controls will never saturate in either magnitude and rate.

1.3.2 Academic Example

Consider the academic example given in section 3.3 and section 7.2. The B, ¢ set has
been calculated in section 3.3 and the set Ry ¢ was calculated in section 7.2. Figure 7.7 shows
both B, ¢ and Ry ¢ sets and their intersection Sy . The Sy ¢ set will be used to modify the

compensator when both control magnitude and rate saturations are present.
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2.00
1.20 ¢ sA,c= BA-CnR
0.40 |
X2
-0.40 }
-1.20 }
_200 2 M e :
-2.00 -1.20 -0.40 0.40 1.20 2.00

Xy

Figure 7.7: The S ¢ set for the academic example.

7.3.3 Simulation of the Academic Example

Four distinct type of simulations were performed. These simulations correspond to the
linear system, to the system with magnitude saturation, to the system with rate and
magnitude saturation and to the system with rate, magnitude saturation and the EG operator.

All the computations were performed in the Macintosh 512K and the calculation of the
EG operator required approximately 15-16 hours. The first simulation was performed with
referencer = [.22 .22]T. The magnitude saturation is assumed to be 1 and the rate
saturation is assumed to be £2.5

Figure 7.8 show the state trajectory of the compensator states for the linear system. Note
that the state trajectory does not remain in the S, ¢ = Ry ¢ N By ¢; therefore, the potential

exists for saturating in both rate and magnitude.
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State trajectory for the academic example withr=[ .22 221"
2.00

1.20 }
0.40 |
X,

-0.40 |

-1.20 |

-2.00 . . . -
-200 -120 -0.40 040 120 200

Figure 7.8: State trajectory of the linear closed loop system with reference r =[ .22 .22]T

Figures 7.9 and 7.10 show the output and control responses for the linear system. The
controls violate the 1 limits and the rate of the controls exceed the +2.5 limits. The linear
response is assumed to be the desired one.

Figures 7.11 and 7.12 show the output and control responses of the system with
magnitude saturation. One can see that the output response has significantly deteriorated even
for a small amount of saturation (=1.1).

Figures 7.13 and 7.14 show the output and control response of the system with both
magnitude and rate saturation. The response of the system has now completely deteriorated in

both the controls and the outputs.
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Academic example withr=[ .22 .22]"
0.30

2 PP
0.20 {

©
o

o
o
o

Output y(t)

I
©
o

-0.20

0.00 2.00 400 6.00 8.00 10.00
Time (sec.)

Figure 7.9: Output of the linear system, (r = [ .22 .22]T)
Academic example withr=[ .22 .22 ]T

1.50

0.90
CUINC L e
£ 030
: VX
§ -0.30 1IN\
© oA w1

2 -0.50 .
-0.90 0.00 0.05 0.10
: (V4

-1.50
0.00 200 400 600 800 1000

Time (sec.)

Figure 7.10: Control of the linear system with reference (r =[ .22 2211
Insert: Blowup with 0 <t <.1 sec
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Academic example withr=[ .22 .22]"
0.40

v, /\
0.30

Output W(t)
Dy

o
o

0.00

-0.10

0.00 2.00 400 6.00 8.00 10.00
Time (sec.)

Figure 7.11:  Output of the system with control magnitude saturation,
without control rate saturation and with reference (r =[.22 .22]T)

Academic example withr=[ .22 2217

1.00
0.50 r/\
RVAS
[ —
0.00

M

=

g

S / T,
-1.50

0.00 2.00 400 6.00 8.00 10.00
Time (sec.)

Figure 7.12: Control of the system with control magnitude saturation,
without control rate saturation and with reference (r = .22 .22]T)
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Academic example vithr=[ .22 22]"

. \

N Nias N

. N
N,

0.00 2.00 400 6.00 8.00 10.00
Time (sec.)

Output 1)

Figure 7.13: Output of the system with control magnitude and rate saturation, (r =[ .22 2211

Academic example withr=[ .22 .22]"
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Figure 7.14: Control in the system with control magnitude and rate saturation, (r =[.22 2211
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Figure 7.15 show the state trajectory of the system with magnitude and rate saturation
and the EG operator. Note that the state trajectory of the compensator does remain in S, ¢ for
all t and so neither magnitude nor rate saturation will occur.

Figures 7.16 and 7.17 show the output and control response of the system with the EG
operator. Note that the output direction is similar to the linear response (figure 7.9) and that the
controls remain within the limits of the magnitude and rate saturation.

Figure 7.18 show the A(t) required for this simulation. One can see that the A(t) starts at a
value less than 1 since the controls at the beginning would exceed the rate saturation limit then
gradually A(t) increases to 1, then the states of the compensator reach the boundary of the
Rj,c setand A(t) is decreased. Note that A(t) is also decreased drastically again at =.6 sec,

because the states of the compensator reach the boundary of the B ¢ set.

State Trajectory of the academic example withr=[ .22 .22 1T
2.00 —

1.20 }
040 }
X2

-0.40 ¢}

-1.20

_2-00 N N N L
-2.00 -120 -0.40 0.40 1.20 2.00

Figure 7.15: State trajectory of the system with control magnitude
/rate saturation and the EG, (r =[ .22 .22]T)
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Academic example withr=[ 22 22]"
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Figure 7.16: Output of the system with magnitude/rate saturation and the EG, (r =[22 .22]7).
Academic example withr=[ .22 .22]7
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Figure 7.17: Controls in the system with magnitude/rate saturation and the EG, (r =[.22 .22]T).
Insert: Blowup of 0 <t <.1 sec
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A(t) for the academic example withr=[ .22 221"

1.10
0.88 J 1.20
0.66 0.80 |
A(t)
0.44 0.40
0.22 } 0.00 \ U
0.00 0.30 0.60 0.90
0.00 -

0.00 2.00 4.00 6.00 8.00 10.00
Time (sec.)

Figure 7.18: A(t) of the system with magnitude/rate saturation and the EG, (r =[.22 .22]T).
Insert: Blowup 0<t < .9 sec.

Another set of simulations was performed with the reference being r =[ 0 2.51". The
observations that one can make from this simulation results (figures 7.19-7.28) are similar to
the ones made from the previous simulation. The magnitude saturation affects negatively the
desired linear response of the system and when the magnitude saturation is combined with the
rate saturation then the performance of the system deteriorates dramatically. The error governor

(EG) seems to fix all problems.
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Academic example withr=[ 0 2.5 ]T
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Figure 7.19: Output of the linear system, (r=[0 2.5]T).
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Figure 7.20: Controls in the linear system, r=[0 2.5]T).

Insert: Blowup with 0 <t <.1 sec
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Academnic example withr=[0 2.5]"
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Figure 7.21: Output of the system with only magnitude saturation, (r =[0 2.5]T).

Academic example withr=[ 0 2.5]"
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Figure 7.22: Controls in the system with only magnitude saturation, (r = [ 0 2.5]T).
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Academic example withr=[ 0 2.5]"
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Figure 7.23: Output of the system with magnitude/rate saturation, (r =[0 2.5 M.

Academic example vithr=[ 0 2.5 ]T
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Figure 7.24: Controls in the system with magnitude/rate saturation, (r =[ 0 2.51D).
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State trajectory for the academic example withr=[{ 0 2.5 ]T
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Figure 7.25: State trajectory of the compensator state in the system
with magnitude/rate saturation and the EG (r=[0 2.5]7).

Academic example withr=[ 0 2.5]"
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Figure 7.26: Output of the system with magnitude/rate saturation and the EG, (r=[0 2.5]7).
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Academic example withr=[ 0 2.5 ]'r
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Figure 7.27: Controls in the system with magnitude/rate saturation and the EG, (r = [ 0 25]1D.

(9 for the academic example vithr=[ 0 2.4]"
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Figure 7.28: A(t) of the system with magnitude/rate saturation and the EG, (r=[0 2.517).
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7.3.4 Control ture with RG for Pl with Rat Position Saturation

The problem here is to keep the control magnitude and rate bounded. The idea is to
modify the references r(t) to r,,(t) only when the references are large enough and the controls
u(t) will saturate either in magnitude or rate. The modification has to be in such a way that any
current or future references will never cause the system to saturate. The operator RG has to be

introduced and it is defined in the following

2(t) = H(Dey(t) (7.51)
e(t) =r() - ru(t) (7.52)
ru(t) = z(t) (7.53)

In chapter 5 it was described how one can introduce the operator RG such that the
magnitude of the controls remain bounded. That was done by defining a function g(x) and a set
B, ¢ and by constructing a time varying rate, call it i, (t), such that the states of the
compensator remained in the B, ¢ set for any reference.

In section 7.2.3 it was described how one can introduce the operator RG such that the
rate of the controls remain bounded when the open loop plant is unstable. That was done by
defining a function g'(x) and a set R, ¢ and by constructing a time varying rate, call it p,(1),
such that the states of the compensator remained in the R, ¢ set for any reference.

Since the problem here is to keep both the magnitude and rate bounded, one can choose
K(t) in eq. (7.52) as the minimum of p,(t) and p,(t) and that will prevent the controls of
saturating both in magnitude and rate. Doing that one has to compute at every time t; both pt;(t)
and H,(t), in addition to the fact that both B, ¢ and R, ¢ has to be stored during the operation

of the system.
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Another way of computing p(t) is to define another set S, ¢

Sac=BacNRac (7.54)

Then one can use the S A,c setin the construction of p(t) in section 5.2.2. Because the
Ra,c is the intersection of both R, ¢ and R, ¢ the compensator and plant states will remain in

both RA,C and RA,C’ forallt.

7.4 Limits on State Variables

In many cases it is desired that a subset of states of the plant remain bounded, ie. limited
in magnitude, perhaps for safety reasons. In this section the EG and RG operators will be used
to insure that under any reference and disturbance or class of disturbances certain states of the

plant remain bounded.

Y + eV WY WY
K(s) f——— G(s) >

compensator plant

Figure 7.29: The linear closed loop system

Figure 7.29 shows the closed loop system with the plant and a linear compensator. The

plant model and the compensator model are given by:

Plant: x(t) = Ax(t) + Bu(t) (7.55)
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y(®) = Cx(v) (7.56)
Compensator: X(1) = Ax () + Be(t) (1.57)
u(t) = C.x.(t) (7.58)
e(t) =r(t) - y(t) (7.59)

where r(t) is the reference and y(t) is the output vector.

Also assume that the state space representation of the loop transfer function G(s)K(s) is

given by

(1) = Axy(t) + Bje(t) (1.60)
y@® = Cix(v) (7.61)

where
X (1) A, 0 B,
x (t) = X© A= BC A B, = o C1=[0 C]

Let x,,(t) denote the vector of states that should remain bounded, and assume that the
limits for the states are +1 (lix,(t)lleo < 1). Typically, x,,(t) will be a subset of the entire plant

state vector x(t).

x, (D)

x(t) = x(© (7.62)
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The objective now is by introducing the EG and RG operators to prevent the x;,(t) states
of exceeding their limits. In sections 7.4.1 and 7.4.2 two control structures with the EG and
RG operators will be given (similar to the ones for the control rate and control magnitude

saturations). Table 7.2 shows potential applications for these two structures.

Neutrally stable Unstable
G(s)K(s) G(s)K(s)
Control structure with EG
Control structure with RG Control structure with RG
Control structure with EG and RG

7.4.1 Control Structure with EG for Plants with Limits on the State Variables

A time varying gain A(t) will be introduced at the error signal e(t) so that the states xp(t)
of the plant will never exceed their limits. Consider the state space representation of the loop

transfer function and define as an output the state variables that have to remain bounded x(t).

(0 = Ajx (1) + BA(e(t) (7.63)
xXp(t) = CpXy() (7.64)

where
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x®

x(0) = | %® c,=[0 I 0]

X (0

One should consider the system given in egs. (7.63)-(7.64) as linear system with A(t)e(t)
as its input, x(t) as its states and x,(t) as its output. Then the goal is to choose the time-
varying gain A(t) so that the output of the linear system x,,(t) remain bounded. By following
the discussion in section 3.3 one can construct A(t) to achieve our objective. A function g(x)

and a set B, ¢ have to be defined

8(Xp): g(xg) = lxp(xg,t)lloo (7.65)
where )El(t) = Ax,(t); x,(0) = xo (7.66)
xb(xO,t) = Cbxl(t)

(7.67)
Byic={x gx)<1} (7.68)
For the function g(x) to be finite the loop transfer function G(s)K(s) has to be neutrally

stable. That is why the Error Governor is to be used only for neutrally stable loop transfer

functions as shown in table 7.1. As in section 3.3 the construction of A(t) is given by
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Construction of At):

For every time t choose A(t) as follows

a) if x(t)e IntB, ¢ then A =1 (7.69)
b) if x(t)e BdB, ¢ then choose the largest A(t) such that (71.70)
osap <t (7.71)
sup g (x () +e[Ax (D) + BAMe®]) - g (x(1)
u —<
€0 € (7.72)

or for the points where g(x,) is differentiable choose the largest A(t) such that
0<A®W <1 (1.73)
Dg(x))[Ax (D+BA(De()] SO V>0 (7.74)
c) if x(t)& R ¢ then choose A(t), 0 S A(t) < 1 such that the expression in (7.72) is

minimum.

With the operator EG in the loop one can guarantee that the states x,(t) will never violate
their predefined limits. The properties and the implementation of the control system are similar
to the ones for control structure described in chapter 4 (sections 4.2.1 and 4.2.2). The operator
EG can be used to ensure that certain outputs of the system (C'x(t)) are bounded (limits on
overshoots). This can be done by replacing C,, in eq. 7.64 and replace it with C' and the rest
of the procedure remains the same.

It is common that in addition to the limits on the state variables, magnitude and/or rate
saturations are present. The construction of the EG operator in this case follows from section
7.3.1. One can design a A, (t) to handle the magnitude saturation, a A,(t) to handle the rate

saturation, and a A4(t) to handle the limits on the states. Then the operator EG A(t) = min

(A (0,2, (1), A5(1)).
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7.4.2 Control Structure with RG for Plants with Limits on the State Variables

A time varying rate pu(t) will be introduced at the reference signal r(t) so that the x;(t)
states will not exceed their limits as shown in figure 7.30. The RG operator is constructed in a
way similar to the one given in chapters 3 and 5. Figure 7.30 shows the control structure with

the RG operator.

y(®)

Figure 7.30: Control structure with the RG operator for plants with state limiters.

The plant and the compensator dynamics in figure 7.30 are described in egs. (7.55)-
(7.59). Assuming that the states of the integrators in the time varying rate are z(t) then the time

varying rate at the references can be described by the following

Z(t) = p(t)e(t) (7.75)
e =r()-r,® (7.76)
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ru(t) = z(t) (7.77)

Following the discussion in chapter 5, consider the linear closed loop system and assume

the following state space representation

x(t) = (A1- B,Cp x (1) + Byru() (1.78)
xp(t) = CpxX; (1) (1.79)

where x|(t), A}, By, Cp are the defined in egs. (7.60), (7.61), and (7.64)

Then one can combine the dynamics of the rate limiter (7.75)-(7.77) with the dynamics of
the closed loop system (7.78)-(7.79) to obtain the following augmented system

X,(1) = A, x, (D)+B (e (t) (7.80)
u(t) = C x,(t) (7.81)

where

z(t) 0 0 I 0 C
X, 0= x,(1) A, = B, A Ba= li 0 j| Ca=[ b ]

To construct pu(t) one has to define a function g(x) and a set B ¢ as follows

g(X0):  £(x0) = IIxy(O)lleo (7.82)
where X, (1) = AXa(1);  X4(0) = Xg0 (7.83)
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X, () = C,x,(t) (7.84)

Byc={x: gx)<1} (7.85)

For the function g(x) to be finite the augmented system has to be neutrally stable. As discussed

in section 5.2 this is always true even if the plant is unstable.

Construction of W(t):

For every time t choose Ju(t) as follows

a) if xy(t)e IntB, ¢ then pu(t) = e which implies that r(t) = r,(t) (7.86)
b) if x,(t)e BdB, ¢ then choose the largest u(t) such that (7.87)
O<p(t) <eo
A B -
fim sup g(x, (1)+e[A x (H+B pwe 0]1) - g(x,®) <o
e—0 € (7.88)

or for the points where g(x) is differentiable choose the largest pu(t) such that
0O<Sp(t) Soo (7.89)
Dg(x,(1)[A X (1)+B (e ()} <O V>0 (7.90)
where Dg(x,(t)) is the Jacobian matrix of g(x,(t)) as in definition 3.2.
c) if xg(t)& R, ¢ then choose u(t), 0 < u(t) < o such that the expression (7.88) is

minimum.

~ The implementation of this control structure is similar to the one given for the control
structure with the operator RG. The states x,(t) do not exceed their limits for any reference

r(t). The stability analysis and the analysis of the disturbance rejection for the control system
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described above are analogous to the ones given in section 5.2.1. It easy to see how one could
combine the operators EG and RG to obtain a control structure similar to the one described in
section 5.3.1. In this case of course the objective would be to prevent the x(t) states from

violating their limits.

7.5 Concluding Remarks

In this chapter it has been shown that the operators EG and RG can be used to design
control systems when the controls saturate in magnitude and/or rate and when it is desired to
keep certain states of the plant bounded. The techniques used to design the control system are
similar to the ones used when only magnitude saturation is present.

Also it has been shown how to design control systems when combinations of rate and
magnitude saturation are present. In a similar manner one can design control systems when in
addition to magnitude and rate saturations certain states of the plant are not to exceed specific
limits.

With operators EG and RG if integrators are present in the control system the integrators
never windup. Also the nonlinear response is similar, to the extent possible, to the linear one.

The simulations in this chapter verify the expected behavior of the control system.
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CHAPTER 8
CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

8.1 Conclusion

Saturations exist in almost every physical system. In this thesis, the effects of multiple
saturations present in a closed loop control system were studied extensively. The multiple
saturations can include limits on the control magnitudes, limits on the control rate and/or limits
on certain states of the plant.

In the presence of saturations the stability and performance of a linear control system can
suffer. For example, a linear control system that is closed loop stable can become unstable
when saturations are present for certain references and disturbances. Saturations can also affect
the performance of the control system by introducing reset windups and by changing the
direction of the control signal. Large overshoots and oscillatory outputs are the consequence.

The control literature reflects that a significant amount of effort has gone into finding
solutions for the reset windup problem in SISO systems. This has resulted in many heuristic
reset antiwindup strategies which have proved successful when used in SISO systems. Of
course, problems due to saturations are amplified in the MIMO case. However, there has been
no systematic method for designing MIMO control systems in the presence of multiple
saturations.

In this thesis a new systematic control design methodology has been introduced for
systems with multiple saturations. The methodology can be applied to stable and unstable open
loop plants with magnitude and/or rate control saturations and to systems in which state limits
are desired. The study was done in two parts, the analysis part and the design part.

In the analysis part, a new stability result was derived which allows the designer to
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specify the sizes of the exogenous disturbances and/or references so that the closed loop
system remains stable. In the analysis part it was also discussed how saturations can affect
negatively the performance of the nonlinear system and new performance criteria were
introduced for judging the quality of these designs.

In the design part, a systematic methodology was introduced for the design of control
systems with multiple saturations. The idea was to introduce a supervisor loop; and when the
references and/or disturbances are "small" enough so as not to cause saturations, the system
operates linearly as designed. When the signals are large enough to cause saturations, then the
control law is modified in such a way to preserve, to the extent possible, the behavior of the
linear control design.

The main benefits of the methodology are that it leads to controllers with the following
properties:

(a) The signals that the modified compensator produces never cause saturation.

(b) Possible integrators or slow dynamics in the compensator never windup.

(c) The closed loop system has inherent stability properties.

(d) The on-line computation required to implement the control system is feasible.

The main disadvantage of the methodology is the off-line computational requirements for
high dimensional systems.

These properties were demonstrated in numerous simulations which included models of
the F8 aircraft (stable), the F16 aircraft (unstable) and an academic example. In addition, the
methodology was contrasted against extensions of SISO reset antiwindup strategies to MIMO

systems. The advantages of the new design methodology were clearly demonstrated.

8.2 Future Research Directions

The extensions of this research lie primarily in the areas of implementation and applications
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of the new design methodology.

At first, the new design methodology should be applied to a few realistic examples to
access the benefits and the drawbacks of the resulting controllers. Applications of systems with
multiple saturations include: aerospace systems, undersea vehicles, nuclear reactors, process
control systems etc. For example in the case of nuclear reactors, the absolute necessity of
keeping the states of the reactor bounded makes the use of the new design methodology
appealing.

For control systems with compensators that have large number of states, the calculation of
the function g(x) (chapter 3) can be computationaly demanding. More research is needed to
define new and more efficient ways of computing and approximating the function g(x). In
addition, the effects of an approximate g(x) on the performance of the control system has to be
further examined.

For open loop unstable plants the new control design methodology requires the
measurement of the states of the plant. It may be possible to estimate these states, and use these
estimates for computing j1(t), instead of the real state measurement. A new study is needed to
determine the effects of the state estimator on the computation of yi(t), and the effects of this
approximation on the performance of the control system. In addition, more research is needed
to determine precisely the effects of unmodelled dynamics and/or modelling errors on the
computation and performance of the Reference Governor (RG).

Finally, the use of the Error Governor and the Reference Governor can be expanded to
shape the response of a control system. For example, one could use the EG and/or RG to
modify and shape the overshoot of a control system. Further research in this area will

determine all such potential uses of the EG and RG operators.
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